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Abstract

In this paper we describea new shape-from-shading
method. We show how the parallel transportof surface
normalscanbe usedto imposecurvatureconsistency and
to iteratively updatesurfacenormaldirectionssoasto im-
prove thebrightnesserror. We commenceby showing how
to make local estimatesof theHessianmatrix from surface
normalinformation.With thelocalHessianmatrix to hand,
wedevelopan“EM-lik e” algorithmfor updatingthesurface
normaldirections. At eachimagelocation,parallel trans-
port is appliedto theneighbouringsurfacenormalsto gen-
erateasampleof localsurfaceorientationpredictions.From
this sample,a local weightedestimateof the imagebright-
nessis made.The transportedsurfacenormalwhich gives
thebrightnesspredictionwhich is closestto thisvalueis se-
lectedas the revisedestimateof surfaceorientation. The
revisedsurfacenormalsobtainedin thiswaymayin turnbe
usedto re-estimateHessianmatrix,andtheprocessiterated
until stability is reached.

1 Intr oduction

Shape-from-shadingis a problemthat hasbeenstudied
for over25yearsin thevisionliterature[1, 7,10, 13]. Stated
succinctly, the problemis to recover local surfaceorienta-
tion information,andhencereconstructthe surfaceheight
function, from informationprovidedby thesurfacebright-
ness.Sincetheproblemis an ill-posedone,in orderto be
renderedtractablerecoursemust be madeto strongsim-
plifying assumptionsand constraints.Hence,the process
is usually specialisedto matte re�ectancefrom a surface
of constantalbedo,illuminatedby a singlecollimatedlight
sourceof known direction. To overcomethe problemthat
the two parametersof surfaceslopecan not be recovered
from a singlebrightnessmeasurement,the processis aug-
mentedby constraintson surfacenormal direction at oc-
cludingcontoursor singularpoints,andalsoby constraints
onsurfacesmoothness.

Therehavebeenseveraldistinctapproachesto theshape-
from-shadingproblem.Theclassicapproachdevelopedby
IkeuchiandHorn [6] and,by Horn andBrooks[3], among
others,is an energy minimisationonebasedon regularisa-
tion theory. Here the dual constraintsof compliancewith
theimageirradianceequationandlocalsurfacesmoothness
arecapturedby an error function. This hasdistinct terms
correspondingto data-closeness,i.e. compliancewith the
imageirradianceequation,andfor surfacesmoothness,i.e.
the constraintthat the local variation in the surfacenor-
maldirectionsshouldbesmall.Theshortcomingswith this
methodarethreefold.First, it is sensitive to the initial sur-

facenormaldirections,secondthe data-closenessandsur-
facesmoothnessmust be carefully balanced,and, �nally ,
the solutionfound is invariablydominatedby the smooth-
nessmodelandasa result �ne surfacedetail is lost. The
secondapproachto theproblemof shape-from-shadinghas
beento adopttheapparatusof level-settheoryto solve the
underlyingdifferentialequation[7, 8, 11]. This offers two
advantages.First, the recoveredsolution is provably cor-
rect, andsecond,the surfaceheight function is recovered
at thesametime asthe �eld of surfacenormals.The third
approachwasrecentlydevelopedby WorthingtonandHan-
cock [13]. This methodadoptsthe view that the image
irradianceequationshouldbe treatedas a hard constraint
and that curvatureconsistency constraintsshouldbe used
in preferenceto local smoothing. They develop a shape-
form-shadingalgorithm in which the surfacenormalsare
constrainedto fall on the irradianceconewhoseapex an-
gle is determinedby the local imagebrightness.The sur-
facenormalsareinitialised to point in the directionof the
local Canny imagegradient. Thesedirectionson the cone
areupdatedby smoothingthesurfacenormaldirectionsis a
mannerwhich is sensitive to local surfacetopography.

Theobservationunderpinningthispaperis thatalthough
considerableeffort hasgoneinto the developmentof im-
proved shape-from-shadingmethods,there are two areas
which leave scopefor further development. The �rst of
theseis theuseof statisticalmethodsin therecoveryof sur-
facenormalinformation.Thesecondis thatrelatively little
effort hasbeenexpendedin theuseof ideasfrom differen-
tial geometryfor surfacemodeling.

Our aim in this paperis to develop a sample-basedal-
gorithm for shape-from-shadingwhich exploits curvature
consistency information.As suggestedby Worthingtonand
Hancock[13, 12], we commencewith thesurfacenormals
positionedon their local irradianceconeandarealignedin
the directionof the local imagegradient. From the initial
surfacenormals,we make local estimatesof the Hessian
matrix. This allows us to transportneighbouringnormals
acrossthesurfacein a mannerwhich is consistentwith the
local surfacetopography. The resultingsampleof surface
normalsrepresentpredictionsof the local surfaceorienta-
tion which areconsistentwith the local surfacecurvature.
Moreover, eachtransportedvectorcanbe usedto make a
predictionof thelocal imageimagebrightness.

Weadoptasimplemodelof thedistributionof brightness
estimatesbasedontheassumptionthattheoriginal intensity
imageis subjectto Gaussianmeasurementerrors. Using
thisdistribution,wecomputethemeanpredictedbrightness
value for the sampleof transportedsurfacenormals. We
selecta revisedlocal surfacenormaldirectionby identify-
ing thetransportedvectorwhichgivesthebrightnessthatis
closestto themean-value.



This processmay be iterateduntil stability is reached.
From the revisedsurfacenormaldirections,we make new
estimatesof the local Hessianmatrices.Thesematricesin-
turn areusedfor neighbouringsurfacenormal transporta-
tion, and the samplesof surfacenormalsso-obtainedare
usedto estimatemeanbrightness.Viewed in this way our
algorithmhasmany featuresreminiscentof the EM algo-
rithm. The surfacenormalsmay be regardedashiddenor
missingdatathatmustberecoveredfrom theobservedim-
agebrightness. In the expectation-step,we computethe
mean image brightness. The maximisationstep is con-
cernedwith �nding the revised surfacenormal directions
thatminimisetheweightedbrightnesserror. Fromtheper-
spective of differentialgeometry, oneof the attractive fea-
turesof our algorithmis that it providesa statisticalframe-
work for combiningevidencefor shadingpatternsfrom the
Gaussmap.

Hence,wefacilitateadirectcouplingbetweenconsistent
surfacenormalestimationandreconstructionof the image
brightness.Moreover, our methodovercomestheproblem
of estimatingsurfacenormal directionsin a naturalway.
Thisofferstwo advantagesoverexistingmethodsfor shape-
from-shading.First,becauseit is evidence-based,unlikethe
Horn and Brooks method,it is not model dominatedand
doesnot oversmooththe recovered�eld of surfacenormal
directions.The data-closenessandsurface-smoothnesser-
rors are not simply compoundedin an additive way as is
the casein the regularisationmethod. Second,andunlike
the Worthingtonand Hancockmethod,it relaxes the im-
ageirradianceequationandhenceallows for brightnesser-
rors to be corrected. Another interestingpropertyof the
method,is thatwe parameterisethe local surfacestructure
usingtheHessianmatrix, ratherthanquadricpatchparam-
eters.Henceweexploit theintrinsicgeometryof theGauss
mapratherthanits extrinsicgeometry.

Hence,thenovelty of our contribution is twofold. First,
we develop an evidencecombining algorithm for shape-
from-shading.Therehasbeenlittle previouslydocumented
attemptsto do this in the literature. Second,is our idea
of usingparallel transportto ensureconsistency with dif-
ferential geometry. Here there are two piecesof related
work. First, Lagardeand Ferri [2] have shown how the
Darbouxsmoothingideaof SanderandZucker canbe ap-
plied to smoothextractedneedle-mapsasapost-processing
step. Second,WorthingtonandHancock[13] have shown
how thevarianceof theKoenderinckandVanDoornshape-
index canbeusedto controltherobustsmoothingof surface
normaldirections.

2 Shape-from-shading

Central to shape-from-shadingis the idea that local
regions in an image
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correspondto illuminated
patchesof a piecewise continuoussurface, �
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measuredbrightness
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will dependon the material
propertiesof the surface,the orientationof the surfaceat
theco-ordinates
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, andthedirectionandstrengthof il-
lumination.

There�ectancemap, �
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characterizestheseproper-
ties,andprovidesanexplicit connectionbetweentheimage
andthesurfaceorientation.Surfaceorientationis described
by the componentsof the surfacegradientin the
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direction,i.e.

������

���

and
�������

���

. Theshapefrom shading

problemis to recover thesurface �
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from theintensity
image
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. As an intermediatestep,we may recover
the needle-map,or setof estimatedlocal surfacenormals,
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Needle-maprecoveryfrom asingleintensityimageis an

under-determinedproblem[10, 5, 1] which requiresanum-
ber of constraintsandassumptionsto be made. The com-
monassumptionsarethat thesurfacehasidealLambertian
re�ectance,constantalbedo,andis illuminatedby a single
point sourceat in�nity . A further assumptionis that there
arenointer-re�ections,i.e. thelight re�ectedby oneportion
of thesurfacedoesnot impingeonany otherpart.

The local surface normal may be written as
�
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. For alight source
at in�nity , we cansimilarly write the light sourcedirection
as &
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. If thesurfaceis Lambertianthere-
�ectancemapis givenby
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The imageirradianceequation[4] statesthat the mea-
suredbrightnessof the imageis proportionalto the radi-
anceat thecorrespondingpoint on thesurface;that is, just
the valueof �
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for
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correspondingto the orienta-
tion of the surface. Normalizingboth the imageintensity,
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, and the re�ectancemap, the constantof propor-
tionality becomesunity, andthe imageirradianceequation
is simply

���������
	/�

�

� 
�����	

(2)
Although the imageirradianceequationsuccinctlyde-

scribesthe mappingbetweenthe
�����

co-ordinatespaceof
theimageandthe
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gradient-spaceof thesurface,it pro-
videsinsuf�cient constraintsfor theuniquerecoveryof the
needle-map.To overcomethisproblem,a furtherconstraint
must be applied. Usually, the needle-mapis assumedto
varysmoothly.

The processof smoothsurfacerecovery is posedas a
variationalproblem in which a global error-functional is
minimized throughthe iterative adjustmentof the needle
map.Surfacenormalsareupdatedwith a step-sizedictated
by Euler's equation.Herewe considerthe formulationof
BrooksandHorn [?] which is couchedin termsof unit sur-
facenormals.Their errorfunctionalis de�ned to be
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The terms
�#k
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above arethedirectionalderiva-
tives of the needle-mapin the

�

and
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directionsrespec-
tively. Themagnitudesof thesequantitiesareusedto mea-
surethesmoothnessof thesurface,with a largevalueindi-
catinga highly-curvedregion. However, it shouldbenoted
thata planarsurfacehas
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in thiscase.
The�rst termof Equation3 is thebrightnesserror, which

encouragesdata-closenessof themeasuredimageintensity
andthere�ectancefunction.Theregularizingtermimposes
thesmoothnessconstraintontherecoveredsurfacenormals,
penalisinglarge local changesin surfaceorientation. The
constantn is a Lagrangemultiplier. For numericalstabil-
ity, n mustoftenbelarge,resultingin thesmoothnessterm
dominating.
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Minimization of the functionalde�ned in Equation3 is
accomplishedby applying the calculusof variationsand
solvingtheresultingEulerequation.Thesolutionis
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where
�

is the spacingof pixel-siteson the lattice and 
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is the local meanof thesurfacenormalsaroundtheneigh-
bourhood!

� of thepixel at position "
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3 Differential SurfaceStructure

In this paperwe are interestedin the local differential
structureof surfacesrepresentedin termsof a �eld of sur-
facegeometry. In thedifferentialgeometrythis representa-
tion is known astheGaussmap. Thedifferentialstructure
of thesurfaceis capturedby thesecondfundamentalform
or Hessianmatrix
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The eigen-structureof the Hessianmatrix can be usedto
gaugethecurvatureof thesurface.Thetwo eigen-valuesof

-

arethemaximumandminimumcurvatures.Theorthogo-
naleigen-vectorsof

-

areknown astheprincipalcurvature
directions. The mean-curvatureof the surfaceis found by
averagingthemaximumandminimumcurvatures.Finally,
the Gaussiancurvatureis equalto the productof the two
eigenvalues.

In the casewhen surfacenormal information is being
usedto characterisethe surface, then the Hessianmatrix
takeson thefollowing form
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Thediagonalelementsof theHessianarerelatedto therate-
of changeof thesurfacenormalcomponentsvia theequa-
tions
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wherethesubscripts
J

and N on thelargebracketsindicate
thatthe

J

or N componentsof thevector-derivativearebeing
taken.

Treatmentof the off-diagonalelementsis more subtle.
However, if we assumethat thesurfacecanberepresented
by a twice differentiablefunction O
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NWV , thenwe can
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In thenext Sectionwewill describehow theelementsof the
Hessian,i.e.

@

,
A

and
C

, canbeestimatedfrom raw surface
normaldatausingthemethodof least-squares.

4 Estimating the Hessian

In this sectionwe describehow to make a statisticales-
timateof theHessianmatrix from a sampleof surfacenor-
malsdeliveredby shape-from-shading.Speci�cally, weuse
themethodof leastsquaresto estimatetheelementsof
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Let
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R
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' bea neighbouringsurfacenormalwith
position R
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V . If the normalsarecloseto eachother,
thenwe canapproximatethechangein thecomponentsof
thesurfacenormalusinga�rst-order Taylorexpansion.Ac-
cordingly,
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where the measured change in the components
of the surface normal is given by
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We canrewrite the �rst-order Taylor expansionin termsof
elementsof theHessianmatrix, i.e.
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where
@

� ,
A

� and
C

� aretheelementsof theHessianmatrix
at thepixel indexed " . Theseequationsgoverntheparallel
transportof the vectoracrossthe curved geometryof the
surface.So,to �rst-order, thechangein thenormalis linear
in the elementsof the Hessianmatrix. Unfortunately, for
the singleneighbouringnormaltheseequationsareunder-
constrainedandwe cannot recover theHessian.However,
if wehaveasampleof a neighboringsurfacenormals,then
thereare

�

a homogenouslinearequationsin theelements
of

-

and the problemof recovering differential structure
is no-longerunder-constrained.Underthesecircumstances,
we canestimatethe elementsof the Hessianmatrix using
themethodof least-squares.

To proceed,we make the homogeneousnatureof the
equationsmoreexplicit by writing
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In ordertosimplify notation,wecanwrite thefull system

of 2N equationsin matrix form as
f

�hgjilk (16)

where
f

is anaggregatedcolumn-vectorof normalcompo-
nents
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The designmatrix g is a matrix of co-ordinatedisplace-
ments
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and
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is theparametervector
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Whenthesystemof equationsis over-speci�edin this way,
thenwecanextractthesetof parametersthatminimisesthe
vectorof error-residuals
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. We posethis parame-
ter recovery processasa least-squaresestimationproblem.
In otherwordswe seekthevectorof estimatedparameters
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The solution-vector is found by computing the pseudo-
inverseof thedesignmatrix � thus
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Figure 1. Surface normal vector and its com­
ponents.

Thesurfacegeometryis illustratedin Figure1.

5 Parellel Transport

In thispaperweareinterestedin usingthelocalestimate
of theHessianmatrix to providecurvatureconsistency con-
straintsfor shapefrom-shading.Our aim is to improve the
estimationof surfacenormal direction by combiningevi-
dencefrom bothshadinginformationandlocal surfacecur-
vature. As demonstratedby both Ferrie and Lagarde[2]
and Worthingtonand Hancock[13], the useof curvature
informationallows therecoveryof moreconsistentsurface
normaldirections.It alsoprovidesawaytocontroltheover-
smoothingof theresultingneedlemaps.FerrieandLagarde
[2] have addressedtheproblemusinglocal Darbouxframe
smoothing. Worthingtonand Hancock[13], on the other
hand,have employed a curvaturesensitive robust smooth-
ing method.Hereweadoptadifferentapproachwhichuses
theequationsof paralleltransportto guidethepredictionof
thelocal surfacenormaldirections.

Our ideais asfollows. At eachlocationon the surface
we make anestimateof thevectorof curvatureparameters.
Supposethatwearepositionedat thepoint 3
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wherethe vectorof estimatedcurvatureparametersis
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andthattheresultingestimateof theHessianmatrix is >

�

.
Furthersupposethat ?5@ is thesurfacenormalat thepoint
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. We usethe
local curvatureparameters
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to transportthe vector ?5@

to the location
3

45�

. The �rst-order approaximationto the
transportedvectoris
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This procedureis repeatedfor eachof the surfacenor-
malsbelongingto theneighbourhoodE

�

of thepoint F . In
thiswaywegenerateasampleof alternativesurfacenormal
directionsat the location F . The geometryof the parallel
transportprocedureis illustratedin Figure2.

6 Statistical Framework

We would like to exploit thetransportedsurface-normal
vectors to develop an evidence combining approachto
shape-from-shading.To do this we requirea probabilistic
characterisationof thesampleof availablesurfacenormals.
We assumethattheobservedbrightnessG
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at thepoint 3

45�

follows a Gaussiandistribution. As a resulttheprobability
densityfunctionfor thetransportedsurfacenormalsis
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where
P

[

is thenoise-varianceof thebrightnesserrors.With
this distribution to hand,we canusethe imageirradiance
equationto computetheexpectedvalueof theimagebright-
nessat thelocation 3

45�

for thesampleof transportedsurface
normals.Theexpectedbrightnessis givenby
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To updatethesurfacenormaldirection,we selectfrom the
sampletheonewhich resultsin a brightnessvaluewhich is
closestto
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Thisprocedureis repeatedateachlocationin the�eld of
surfacenormals.

We iteratethemethodasfollows:
e 1: At eachlocation computea local estimateof the

Hessianmatrix >

�

from thecurrentlyavailablesurface
normals?

�

.

e 2: At eachimagelocation 3

45�

obtaina sampleof sur-
facenormalsf
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by applyingparal-
lel transportto thesetof neighbouringsurfacenormals
whoselocationsareindexedby theset E

�

.
e 3: From the set of surfacenormals f

�

computethe
expectedbrightnessvalue
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G
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andtheupdatedsurface
normaldirection
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?

�

. Notethatthemeasuredintensity
G

�

is kept�x edthroughouttheiterationprocessandis
notupdated.

e 4: With theupdatedsurfacenormaldirectionto hand,
returnto step1, andrecomputethelocal curvaturepa-
rameters.

To initialise thesurfacenormaldirections,we adoptthe
methodsuggestedby WorthingtonandHancock[13]. This
involvesplacingthesurfacenormalson theirradiancecone
whoseaxis is the light-sourcedirection n andwhoseapex
angleis oTp�q

/2r

G

�

. Thepositionof thesurfacenormalonthe

4



coneis suchthat its projectionontothe imageplanepoints
in thedirectionof thelocal imagegradient,computedusing
theCanny edgedetector. Whenthesurfacenormalsareini-
tialisedin this way, thenthey satisfy the imageirradiance
equation.

P̂

Q1

f

Q

Q

Q
Q

Q Q

Q

1 2
3

4

4

2

3

Parallel transport

Figure 2. Parallel transpor t used for predict­
ing the surface normal vector using local cur ­
vature estimation.

7 Experiments

In thissection,wepresentsomeexperimentalevaluation
of thenew method.

We commenceby exploring someof the iterative prop-
ertiesof themethod.Hereuseexperimentwith animageof
a toy duck from the ColumbiaCOIL data-base.In Figure
3 we show the�eld of surfacenormaldirectionswith itera-
tion number. Themain featureto notehereis that thesur-
facedetailsbecomemoremarkedwith iterationnumber. In
Figure4, we plot thedifferencebetweenthemeasuredand
predictedimagebrightnessasa function of iterationnum-
ber. Initially, theerror is greateston thecurvedregionsof
thesurface(nearthehead,beak,neck,wingsandtail). Af-
ter10 iterations,theonly regionwherethereis asigni�cant
erroris aroundtheeye,wherethereis analbedodifference.
Therearesomehigh curvaturepointsaroundtheneckand
the wing wherethereis also someresidualbrightnesser-
ror. The averagebrightnesserror is plottedas a function
of iterationnumberin Figure5. Figure6 shows theeffect
of re-illuminatingthe �nal needle-mapwith differentlight
sourcedirections.Thishighlightsthecurvaturedetailonthe
surface,whichappearsto bewell reconstructed.

Figure 3. Needle maps for the small duc k im­
age

Figure 4. Increasing probability of image in­
tensity agreement
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Figure 5. Error plot for the intensity value re­
covering for the small duc k image

In Figures7, 8 and9 weshow resultsfor imagesof mar-
blestatues.In eachimagethetopleft-handpanelis theorig-
inal image,thetopright-handpanelis the�nal valueof

�

���

,
andthebottomtwo imagesshow the initial (left) and�nal
(right) needle-maps.In eachcasethe�nal needle-mapsand
brightnessimagesreproducethecurvaturestructurewell, at
all but thepointsof highestcurvature.

Finally, in Figure10,we show there-illuminationof the
statueVenus.This capturesthesurfacedetailwell. In par-
ticular, the folds in the drapingaroundthe legs is well re-
produced.

8 Conclusions

In thispaperwehavedescribedanew methodfor shape-
form-shadingwhichreliesonvectortransportto accumulate
evidnecefor surfacenormaldirectionswhichareconsistent
with the observed imagebrightness. The methodusesa
two-stepiterativealgorithm.First,estimatesof theHessian
matrixaremadeusingtheavailablesurfacenormals.These
Hessianmatricesareusedto performvectortransportonthe
surroundingsurfacenormalsto accumulateasampleof ori-
entationhypotheses.Theseputative directionsareusedto
computeanexpectedvaluefor theimagebrightness.In the
secondstepof the algorithm,the surfacenormaldirection
is updated.The direction is taken to be that of the trans-
portedvectorwhich yields the brightnesswhich is closest
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Figure 6. Reconstructed image with diff erent
illumination directions

Figure 7. The three graces

to theexpectedvalue.Themethodis evaluatedona variety
of real-world imageswhereit providespromissingresults.

References

[1] Belhumeur, P.N. andKriegman,D.J.(1996)Whatis theSet
of Imagesof an ObjectUnderAll PossibleLighting Con-
ditions? Proc. IEEE Conferenceon ComputerVision and
PatternRecognition,pp.270-277.

[2] Ferrie, F.P. and Lagarde,J. (1990)Curvature Consistency
ImprovesLocalShadingAnalysis,Proc.IEEEInternational
ConferenceonPatternRecognition,Vol. I, pp.70-76.

[3] Horn, B.K.P. andBrooks,M.J. (1986)The VariationalAp-
proachto Shapefrom Shading,CVGIP, Vol. 33, No. 2, pp.
174-208.

[4] Horn, B.K.P. andBrooks,M.J. (eds.),ShapefromShading,
MIT Press,Cambridge,MA, 1989.

[5] Horn, B.K.P. (1990) Height and Gradient from Shading,
IJCV, Vol. 5, No. 1, pp.37-75.

[6] Ikeuchi,K. andHorn,B.K.P. (1981)NumericalShapefrom
ShadingandOccludingBoundaries,Arti�cial Intelligence,
Vol. 17,No. 3, pp.141-184.

[7] Kimmel, R. andBruckstein,A.M. (1995)TrackingLevel-
setsby Level-sets:A Method for Solving the Shapefrom
ShadingProblem,CVIU, Vol. 62,No. 1, pp.47-58.

Figure 8. Hermes

Figure 9. Venus

[8] Kimmel R., Siddiqi K., Kimia B.B., andBrucksteinA.M.,
“Shapefrom shading- Level setpropagationandviscosity
solutions”, Int J. ComputerVision Vol 16, No 2, pp. 107-
133,1995.

[9] Koenderink,J.J.(1990)SolidShape, MIT Press,Cambridge
MA.

[10] Oliensis,J. andDupuis,P. (1994)An OptimalControlFor-
mulationandRelatedNumericalMethodsfor a Problemin
ShapeReconstruction,Ann.of App.Prob. Vol. 4, No. 2, pp.
287-346.

[11] Rouy E. andTourin A., “A viscositysolutionsapproachto
shape-from-shading”,SIAM J.NumericalAnalysis,vol 29,
No 3, pp.867-884,1992.

[12] Worthington,P.L. and Hancock,E.R. (1998) NeedleMap
Recovery using Robust Regularizers, Image and Vision
Computing, Vol. 17,No. 8, pp.545-559.

[13] Worthington, P.L. and Hancock, E.R. (1999) New Con-
straintson Data-closenessandNeedle-mapconsistency for
SFS,IEEE Transactionson Pattern Analysis,Vol. 21, pp.
1250-1267.

Figure 10. Re­illumination of Venus

6


