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Abstract

In this paperwe describea new shape-from-shading
method. We shov how the parallel transportof surface
normalscan be usedto imposecurvatureconsisteng and
to iteratively updatesurfacenormaldirectionsso asto im-
prove the brightnesserror. We commencéyy shaving how
to malke local estimate®f the Hessiarmatrix from surface
normalinformation. With thelocal Hessiarmatrix to hand,
wedevelopan“EM-lik e” algorithmfor updatlnghesurface
normaldirections. At eachimagelocation, paralleltrans-
portis appliedto the neighbouringsurfacenormalsto gen-
erateasampleof local surfaceorientationpredictions From
this sample a local weightedestimateof the imagebright-
nessis made. The transportedsurfacenormalwhich gives
thebrightnesgredictionwhichis closesto thisvalueis se-

lectedas the revised estimateof surfaceorientation. The
revisedsurfacenormalsobtainedn thisway mayin turnbe

usedto re-estimateHessianmatrix, andthe processterated
until stability is reached.

1 Intr oduction

Shape-from-shadinig a problemthat hasbeenstudied
for over25yearsn thevisionliterature[1, 7, 10, 13]. Stated
succinctly the problemis to recover local surfaceorienta-
tion information,and hencereconstructhe surfaceheight
function, from informationprovided by the surfacebright-
ness.Sincethe problemis anill-posedone,in orderto be
renderedtractablerecoursemust be madeto strong sim-
plifying assumptionsnd constraints. Hence,the process
is usually specialisedo mattere ectancefrom a surface
of constanalbedo,illuminatedby a singlecollimatedlight
sourceof known direction. To overcomethe problemthat
the two parameter®f surfaceslopecannot be recovered
from a single brightnesameasurementhe processs aug-
mentedby constraintson surface normal direction at oc-
cluding contoursor singularpoints,andalsoby constraints

onsurfacesmoothness. =
Therehave beenseveraldistinctapproaches theshape-

from-shadingproblem. The classicapproactdevelopedby
IkeuchiandHorn [6] and,by Horn andBrooks[3], among
others,is an enegy minimisationonebasedon regularisa-
tion theory Herethe dual constraintsof compliancewith
theimageirradianceequationandlocal surfacesmoothness
are capturedby an error function. This hasdistinctterms
correspondingo data-closeness.e. compliancewith the
imageirradianceequationandfor surfacesmoothness,e.

the constraintthat the local variation in the surface nor-
mal directionsshouldbe small. The shortcomingswith this

methodarethreefold. First, it is sensitve to theinitial sur
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facenormaldirections,secondhe data-closenessnd sur
face smoothnessnust be carefully balancedand, nally,
the solutionfoundis invariably dominatedby the smooth-

nessmodeland asa result ne surfacedetail is lost. The
secondapproacho the problemof shape-from-shadinigas

beento adoptthe apparatusf level-settheoryto solve the
underlyingdifferentialequation[7, 8, 11]. This offerstwo
adwantages.First, the recoveredsolutionis provably cor
rect, and second the surface heightfunction is recovered

at the sametime asthe eld of surfacenormals. The third
approactwasrecentlydevelopedby WorthingtonandHan-

cock [13]. This methodadoptsthe view that the image
irradianceequationshouldbe treatedas a hard constraint
and that cunvatureconsisteng constraintsshouldbe used
in preferenceo local smoothing. They develop a shape-
form-shadingalgorithmin which the surface normalsare
constrainedo fall on the irradianceconewhoseapex an-
gle is determinedby the local imagebrightness.The sur

facenormalsareinitialised to point in the direction of the
local Canry imagegradient. Thesedirectionson the cone
areupdatedby smoothinghesurfacenormaldirectionsis a
mannemwhichis sensitve to local surfacetopography

Theobsenationunderpinninghis paperis thatalthough
considerablesffort hasgoneinto the developmentof im-
proved shape-from-shadingnethods,there are two areas
which leave scopefor further development. The rst of
theseis theuseof statisticalmethodsn therecovery of sur
facenormalinformation. The seconds thatrelatively little
effort hasbeenexpendedn the useof ideasfrom differen-
tial geometryfor surfacemodeling.

Our aim in this paperis to develop a sample-basedl-
gorithm for shape-from-shadingvhich exploits curvature
consisteng information. As suggestety Worthingtonand
Hancock[13, 12|, we commencewith the surfacenormals
positionedon their local irradianceconeandarealignedin
the directionof the local imagegradient. From the initial
surface normals,we make local estimatesof the Hessian
matrix. This allows us to transportneighbouringnormals

acrosghe surfacein a mannemwhich is consistentvith the
local surfacetopography The resultingsampleof surface

normalsrepresenpredictionsof the local surfaceorienta-

tion which are consistenwith the local surfacecurvature.
Moreover, eachtransportedvectorcanbe usedto make a

predictionof thelocalimageimagebrightness.

We adoptasimplemodelof thedistribution of brightness
estimatebasedntheassumptiorthattheoriginalintensity
imageis subjectto Gaussiarmeasuremengrrors. Using
this distribution, we computethe meanpredictedorightness
value for the sampleof transportedsurface normals. We
selecta revisedlocal surfacenormaldirectionby identify-
ing thetransportedrectorwhich givesthe brightnesghatis
closesto themean-alue.



This processmay be iterateduntil stability is reached.
Fromthe revised surfacenormaldirections,we make new

estimatef the local Hessiammatrices. Thesematricesin-
turn are usedfor neighbouringsurface normaltransporta-

tion, and the samplesof surface normalsso-obtainedare
usedto estimatemeanbrightness.Viewed in this way our
algorithmhasmary featuresreminiscentof the EM algo-
rithm. The surfacenormalsmay be regardedas hiddenor
missingdatathat mustbe recoveredfrom the obsenedim-
age brightness. In the expectation-stepywe computethe
meanimage brightness. The maximisationstepis con-
cernedwith nding the revised surface normal directions
thatminimisethe weightedbrightnesserror. Fromthe per
spectve of differentialgeometry oneof the attractie fea-
turesof our algorithmis thatit providesa statisticalframe-
work for combiningevidencefor shadingpatterndrom the
Gausgnap.
Hencewefacilitateadirectcouplingbetweerconsistent
surfacenormal estimationandreconstructiorof theimage
brightness.Moreover, our methodovercomeghe problem
of estimatingsurface normal directionsin a naturalway.
This offerstwo advantage®verexistingmethodgor shape-
from-shadingFirst,becausé is evidence-basedinlikethe
Horn and Brooks method,it is not model dominatedand

doesnot oversmooththe recovered eld of surfacenormal
directions. The data-closenesand surface-smoothnesy-
rors are not simply compoundedn an additve way asis

the casein the regularisationmethod. Second and unlike
the Worthingtonand Hancockmethod, it relaxesthe im-
ageirradianceequationandhenceallows for brightnesser
rors to be corrected. Another interestingproperty of the
methodi,is thatwe parameteris¢he local surfacestructure
usingthe Hessiarmmatrix, ratherthanquadricpatchparam-
eters.Hencewe exploit theintrinsic geometryof the Gauss
mapratherthanits extrinsicgeometry

Hence the novelty of our contribution is twofold. First,
we develop an evidence combining algorithm for shape-
from-shading.Therehasbeenlittle previously documented
attemptsto do this in the literature. Second,is our idea
of using paralleltransportto ensureconsisteng with dif-
ferential geometry Here there are two piecesof related
work. First, Lagardeand Ferri [2] have shovn how the
Darbouxsmoothingideaof Sanderand Zucker canbe ap-
plied to smoothextractedneedle-mapasa post-processing
step. Second Worthingtonand Hancock[13] have shavn
how thevarianceof the KoenderinckandVanDoornshape-
index canbeusedto controltherobustsmoothingof surface
normaldirections.

2 Shape-fom-shading

Central to shape-from-shadings the idea that local
regions in an image correspondto illuminated
patchesof a piecavise continuoussurface, The
measureddrightness will dependon the material
propertiesof the surface,the orientationof the surfaceat
the co-ordinates , andthe directionandstrengthof il-
lumination.

There ectancemap characterizetheseproper
ties,andprovidesanexplicit connectiorbetweertheimage
andthe surfaceorientation.Surfaceorientationis described
by the componentf the surfacegradientin the and

direction,i.e. — and —. Theshapdrom shading

problemis to recover the surface from the intensity
image . As an intermediatestep, we may recover
the needle-mapor setof estimatedocal surfacenormals,

Needle-mapecoveryfrom asingleintensityimageis an
underdeterminegroblem[10, 5, 1] whichrequiresanum-
ber of constraintsandassumptionso be made. The com-
monassumptiongrethatthe surfacehasideal Lambertian
re ectance,constantalbedo,andis illuminatedby a single
point sourceat in nity . A further assumptioris that there
arenointer-re ections,i.e. thelight re ectedby oneportion
of thesurfacedoesnotimpingeon ary otherpart.

The local surface normal may be written as

, Where — and —. Foralight source
atin nity , we cansimilarly write the light sourcedirection

as . If the surfaceis Lambertianthere-
ectancemapis givenby

(1)

The imageirradianceequation[4] statesthat the mea-
suredbrightnessof the imageis proportionalto the radi-
anceat the correspondingpoint on the surface;thatis, just
the value of for correspondingo the orienta-
tion of the surface. Normalizing both the imageintensity

, andthe re ectancemap, the constantof propor
tionality becomeaunity, andtheimageirradianceequation

is simply
)

Although the imageirradianceequationsuccinctly de-
scribesthe mappingbetweerthe co-ordinatespaceof
theimageandthe  gradient-spacef the surface,it pro-
videsinsufcient constraintfor the uniquerecovery of the
needle-mapTo overcomethis problem,afurtherconstraint
must be applied. Usually, the needle-mags assumedo
vary smoothly

The processof smoothsurfacerecovery is posedas a
variational problemin which a global errorfunctional is
minimized throughthe iterative adjustmentof the needle
map. Surfacenormalsareupdatedwith a step-sizedictated
by Euler's equation. Here we considerthe formulation of
BrooksandHorn[?] whichis couchedn termsof unit sur
facenormals.Their errorfunctionalis de ned to be

Theterms— and — above arethe directionalderiva-

tives of the needle-mapn the and directionsrespec-
tively. The magnitude®f thesequantitiesareusedto mea-
surethe smoothnessf the surface,with alargevalueindi-

catinga highly-curvedregion. However, it shouldbe noted

thataplanarsurfacehas— — in thiscase.

The rst termof Equation3is thebrightnes®rror, which
encouragesdata-closenessf the measuredmageintensity
andthere ectancefunction. Theregularizingtermimposes
thesmoothnessonstrainbntherecoseredsurfacenormals,
penalisinglarge local changesdn surfaceorientation. The
constant is a Lagrangemultiplier. For numericalstabil-
ity, mustoftenbelarge,resultingin the smoothnesterm
dominating.



Minimization of the functionalde ned in Equation3 is
accomplishedby applying the calculusof variationsand
solvingtheresultingEulerequation.The solutionis

— (4)

where is the spacingof pixel-siteson the lattice and
is the local meanof the surfacenormalsaroundthe neigh-
bourhood of thepixel at position

— ()

3 Differential Surface Structure

In this paperwe areinterestedn the local differential
structureof surfacesrepresenteéh termsof a eld of sur
facegeometry In the differentialgeometrythis representa-
tion is known asthe Gaussmap. The differentialstructure
of the surfaceis capturedby the secondfundamentaform
or Hessiarmatrix

(6)

The eigen-structuref the Hessianmatrix can be usedto
gaugethe curvatureof the surface. Thetwo eigen-\aluesof

arethemaximumandminimumcurvatures.Theorthogo-
naleigen-vectorsof  areknown astheprincipalcurvature
directions. The mean-curatureof the surfaceis found by
averagingthe maximumandminimum curvatures.Finally,
the Gaussiarcurvatureis equalto the productof the two
eigervalues.

In the casewhen surface normal information is being
usedto characterisghe surface, then the Hessianmatrix
takeson thefollowing form

(7)

Thediagonaklement®f theHessiararerelatedto therate-
of changeof the surfacenormalcomponentwia the equa-
tions

— (8)

— (9)

wherethe subscripts and onthelarge bracletsindicate
thatthe or componentsfthevectorderivativearebeing

taken.
Treatmentof the off-diagonalelementsis more subtle.

However, if we assumehatthe surfacecanbe represented
by a twice differentiablefunction , thenwe can
write

(10)

In thenext Sectionwewill describenow theelementof the
Hessianj.e. , and , canbeestimatedrom raw surface

normaldatausingthe methodof least-squares.

4 Estimating the Hessian

. In this sectionwe describehow to make a statisticales-
timateof the Hessiarmatrix from a sampleof surfacenor-

malsdeliveredby shape-from-shadingpeci cally, we use
themethodof leastsquarego estimatethe elementof
Let representthe surface normal at the position
andlet beaneighbouringsurfacenormalwith
position . If the normalsarecloseto eachother
thenwe canapproximatehe changein the component®f
thesurfacenormalusinga rst-order Taylorexpansion.Ac-
cordingly,

(11)

(12)

where the measured change in
of the surface normal is given by

The displacementsin point
co-ordinatesare and .
We canrewrite the rst-order Taylor expansionin termsof
elementof the Hessiammatrix, i.e.

the components

(13)
(14)

where , and aretheelementftheHessiammatrix
atthe pixelindexed . Theseequationgyovernthe parallel
transportof the vector acrossthe curved geometryof the
surface.So,to rst-order, thechangedn thenormalis linear
in the elementsof the Hessianmatrix. Unfortunately for
the single neighbouringnormaltheseequationsare under
constrainedandwe cannot recover the Hessian.However,
if wehaveasampleof neighboringsurfacenormalsthen
thereare  homogenous$inearequationsn the elements
of  andthe problemof recovering differential structure
is no-longerunderconstrainedUnderthesecircumstances,
we can estimatethe elementsof the Hessianmatrix using
themethodof least-squares.

To proceed,we make the homogeneousatureof the
equationsnoreexplicit by writing

(15)
In orderto simplify notation we canwrite thefull system
of 2N equationsn matrix form as

(16)

where is anaggre@atedcolumn-vectorof normalcompo-

nents

The designmatrix  is a matrix of co-ordinatedisplace-
ments



and istheparametevector

Whenthe systemof equationss over-speci edin this way,
thenwe canextractthe setof parameterthatminimisesthe
vectorof errorresiduals . We posethis parame-
ter recovery processasa least-squaresstimationproblem.
In otherwordswe seekthe vectorof estimatedparameters

which satisfythe condition
17)

The solution-\vector is found by computingthe pseudo-
inverseof thedesignmatrix  thus

/)

[ sl

Figure 1. Surface normal vector and its com-
ponents.

(18)

Thesurfacegeometryis illustratedin Figurel.
5 Parellel Transport

In this papemwe areinterestedn usingthelocal estimate
of theHessiarmatrix to provide curvatureconsisteng con-
straintsfor shapefrom-shading.Our aim is to improve the
estimationof surface normal direction by combiningevi-
dencefrom bothshadingnformationandlocal surfacecur
vature. As demonstratedy both Ferrie and Lagarde[2]
and Worthington and Hancock[13], the useof curvature
informationallows the recovery of moreconsistensurface
normaldirections.It alsoprovidesawayto controltheover
smoothingof theresultingneedlemaps.FerrieandLagarde
[2] have addressethe problemusinglocal Darbouxframe
smoothing. Worthingtonand Hancock[13], on the other
hand,have employed a curvaturesensitve robust smooth-
ing method.Herewe adopta differentapproactwhich uses
theequationf paralleltransporto guidethe predictionof
thelocal surfacenormaldirections. )

Our ideais asfollows. At eachlocationon the surface
we make anestimateof the vectorof curvatureparameters.
Supposehatwe arepositionedatthe point
wherethe vector of estimatedcurvatureparameterss
andthattheresultingestimateof the Hessiammatrixis .
Furthersupposehat is the surfacenormalat the point

in theneighbourhoodf . We usethe
local cunvatureparameters to transportthe vector

to thelocation . The rst-order approaximatiorto the
transportedrectoris

(19)

This procedureis repeatedor eachof the surfacenor-
malsbelongingto the neighbourhood of thepoint . In
thisway we generat@ sampleof alternatie surfacenormal
directionsat the location . The geometryof the parallel
transporiproceduras illustratedin Figure?2.

6 Statistical Framework

We would lik e to exploit the transportedsurface-normal
vectorsto develop an evidence combining approachto
shape-from-shadingTo do this we requirea probabilistic
characterisatioof the sampleof availablesurfacenormals.

We assumehatthe obsenedbrightness atthepoint
follows a Gaussiardistribution. As aresultthe probability
densityfunctionfor thetransportedgurfacenormalsis

_ (20)

where isthenoise-arianceof thebrightnes®rrors.With
this distribution to hand,we canusethe imageirradiance
equatiorto computethe expectedvalueof theimagebright-

nessatthelocation  for thesampleof transportedurface
normals.Theexpectedbrightnesss givenby

(21)

To updatethe surfacenormaldirection,we selectfrom the
samplethe onewhich resultsin a brightnessraluewhichis

closesto . Thissurfacenormalis theonefor which
(22)

This proceduras repeatect eachlocationin the eld of

surfacenormals.
We iteratethe methodasfollows:

1: At eachlocation computea local estimateof the
Hessiammatrix ~ from thecurrentlyavailablesurface
normals

2: At eachimagelocation  obtaina sampleof sur

facenormals by applyingparal-
lel transporto thesetof neighbouringsurfacenormals
whoselocationsareindexedby the set

3: Fromthe setof surfacenormals  computethe
expectedbrightnessvalue  andthe updatedsurface

normaldirection . Notethatthe measuredntensity
is kept x edthroughoutheiterationprocessandis
notupdated.

4: With the updatedsurfacenormaldirectionto hand,

returnto stepl, andrecomputdhelocal curvaturepa-
rameters.

To initialise the surfacenormaldirections,we adoptthe
methodsuggestedy WorthingtonandHancock[13]. This
involvesplacingthe surfacenormalson theirradiancecone
whoseaxis is the light-sourcedirection andwhoseapec
angleis . Thepositionof thesurfacenormalonthe



coneis suchthatits projectionontotheimageplanepoints
in thedirectionof thelocalimagegradientcomputedising
the Canry edgedetector Whenthe surfacenormalsareini-
tialisedin this way, thenthey satisfythe imageirradiance
equation.

Figure 2. Parallel transpor t used for predict-
ing the surface normal vector using local cur-
vature estimation.

7 Experiments

In this sectionwe presensomeexperimentakvaluation

of thenew method. ) ) )
We commencey exploring someof the iterative prop-

ertiesof themethod.Hereuseexperimentwith animageof
a toy duckfrom the ColumbiaCOIL data-baseln Figure

3 weshawv the eld of surfacenormaldirectionswith itera-
tion number The mainfeatureto note hereis thatthe sur
facedetailsbecomemoremarkedwith iterationnumber In
Figure4, we plot the differencebetweerthe measurec@nd

predictedimagebrightnessasa function of iterationnum-
ber. Initially, the erroris greatesbn the curved regionsof
the surface(nearthe head beak,neck,wingsandtail). Af-
ter 10iterationstheonly region wherethereis a signi cant

erroris aroundthe eye, wherethereis analbedodifference.

Thereare somehigh curvaturepointsaroundthe neckand
the wing wherethereis also someresidualbrightnesser
ror. The averagebrightnesserror is plotted as a function
of iterationnumberin Figure5. Figure6 shows the effect
of re-illuminatingthe nal needle-mapvith differentlight
sourcedirections.This highlightsthecurvaturedetailonthe
surface which appearso bewell reconstructed.

Figure 3. Needle maps for the small duck im-
age

Figure 4. Increasing probability of image in-
tensity agreement

Intensity Error Plot (Small Duck Image)

intensity error
©c o o o o o o
[E O - ]

iterations

Figure 5. Error plot for the intensity value re-
covering for the small duck image

In Figures7, 8 and9 we shaw resultsfor imagesof mar
ble statuesin eachimagethetop left-handpanelis theorig-

inal image thetopright-handpanelis the nal valueof
andthe bottomtwo imagesshaw the initial (left) and nal
(right) needle-mapdn eachcasethe nal needle-mapand
brightnessmageseproducehe curvaturestructurewell, at
all but the pointsof highestcurvature.

Finally, in Figure10, we show there-illuminationof the
statueVenus. This capturedhe surfacedetailwell. In par
ticular, thefolds in the drapingaroundthe legsis well re-
produced.

8 Conclusions

In this papemwe have describeda new methodfor shape-
form-shadingvhichreliesonvectortransporto accumulate

evidnecefor surfacenormaldirectionswhich areconsistent
with the obsened image brightness. The methodusesa

two-stepiterative algorithm. First, estimateof the Hessian
matrix aremadeusingthe availablesurfacenormals. These
Hessiamatricesareusedto performvectortransporbnthe
surroundingsurfacenormalsto accumulatea sampleof ori-
entationhypothesesTheseputative directionsare usedto
computeanexpectedvaluefor theimagebrightnessin the
secondstepof the algorithm, the surfacenormaldirection
is updated. The directionis taken to be that of the trans-
portedvectorwhich yields the brightnesswhich is closest



Figure 6. Reconstructed
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Figure 7. The three graces

to theexpectedvalue. The methodis evaluatedon a variety
of real-world imageswhereit providespromissingresults.
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