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Abstract

In this paper, we proposea new ef�cient algorithm to
constructa multiresolutionpolygonalmeshas a topology
estimationmethod. The proposedalgorithm initially seg-
mentsthe range data into a �nite numberof patchesus-
ing the K-meansclusteringalgorithm. Each patch is then
approximatedby an appropriate polyhedron and divided
into triangles,yielding�nally a triangular meshmodel.By
controlling the toleranceof the modelingerror, multires-
olution representationof the estimatedtopology also can
be establishedef�ciently. Moreover, in order to improve
theequiangularityof each triangle, weemploythedynamic
meshmodel[3], sothatthemeshadaptively�nd its equilib-
rium state, according to theequiangularityconstraint. Ex-
perimentalresultsdemonstrate that satisfactoryequiangu-
lar meshmodelsareconstructedef�ciently at variousreso-
lutions,while yieldingtolerableerror.

1 Intr oduction

In computervision and computergraphics,rangedata
playsan importantrole in many applications,sinceit pro-
videsanexplicit geometricalinformationon thesurfaceof
anunderlying3-D object.Recentprogressin range-�nding
techniques,suchaslaserrangescannerandspaceencoding
range�nder, allow usto acquiredenserangedatawith toler-
ableerror. In addition,byemployingproperregistrationand
integrationtechniques[8], multiple rangedataof anobject
obtainedin differentviews canbetransformedinto a com-
moncoordinatessystem,sothata complete3-D rangedata
of thephysicalmodelcanbereconstructed.

However, sincethe rangedatais in itself merely a set
of densepoints,an explicit 3-D model for the underlying
object shouldbe obtainedfor further high level process-
ing. In this context, themodelingtechniqueto convert the
raw rangedatainto a suitablesurfacemodelis quiteanim-
portantissue,andmuchefforts have beenmadeto develop
suchtechnique[5][12]. Applicationsof this techniquecan

be found in the �eld of 3-D modelingincluding rapidpro-
totyping, reverseengineering,virtual andaugmentedenvi-
ronments.

So far, a numberof algorithmshave beenproposedby
several researchersto constructa surfacemodelfrom a set
of rangedata,which canbe roughly categorizedinto two
groupsbasedon their approaches:polygonalmeshbased
[5] andB-splinesbasedmethods[12]. In this paper, we fo-
cuson the techniquesusingpolygonalmeshmodel. Note
that triangular meshhas beenusedmost widely in 3-D
graphicsand vision, since it can representcomplex free-
form objectsef�ciently .

In this paper, we proposea new algorithm to estimate
the underlying topology using triangular mesh,which is
achieved in a top-down strategy. This paperis organized
as follows. The problemis de�ned and the proposedap-
proachis brie�y introducedin Section2. In Section3, � -
meansclusteringtechniqueis discussed,with which point
patchesaregenerated.In Section4, thetopologyestimation
algorithm,includingpolygonalapproximationandtriangu-
lar meshgeneration,is describedin detail. In Section5, we
introducethe dynamicmeshbrie�y andpresentthe mesh
adaptationalgorithm. Next, experimentalresultsare pro-
vided in Section6. Finally, we give theconclusive remark
in Section7.

2 Problem Statementsand Overview

In our approach,it is assumedthat the input datafor-
matcouldbeeitherpointscloudor densepolygonalmesh.
For thedifferentchoicesof theinput format,theproblemof
topologyestimationis de�ned asfollows.

� Topologyestimationof pointsclouds:If theinput is a
pointscloud,theproblemis to estimatetheunderlying
topologyof theobjectbyconstructingpolygonalmesh.

� Topologyestimationof densemesh: If the input is a
densemesh,theproblemreducesto a acceleratedand
memorylessmeshsimpli�cation, in whichthelow res-
olutionmeshis obtainedquickly.
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Figure 1. Overview of the proposed algorithm.

Note that, in topology estimationof densemesh, initial
densemeshis not simpli�ed in the iterative mannerasthe
previous algorithm. Instead,it createsa low level mesh
withoutany prior knowledgeof otherlevels.

In constructingtriangularsurfacemodel, the common
measurefor the `good' triangulationis the approximation
errorandtheequiangularproperty. The approximationer-
ror is directlyaffectedby theresolutionof themeshmodel,
andthis canbeef�ciently adjustedby thenumberof initial
patchesin theproposedalgorithm. In our work, we prefer
equiangulartriangleratherthansharpandnarrow triangle,
sinceit haslessdistortionin shadedrenderingandis more
usefulin furtherprocessingincludingmesheditingandtes-
sellation.Equiangularmeshis alsoknown to increaseupper
boundon the curvatureof sampledsurface,assumingthat
theshapeis locally sphere-like.

The proposedmodeling algorithm consists of three
stages: � -meansclusteringof the input data, polygonal
approximationand triangularmeshgeneration,and mesh
adaptation. The overall block diagramis shown in Fig-
ure1. In ourapproach,�rstly by usingthe � -meanscluster-
ing technique,the input rangedatais partitionedinto point
patches.Eachpair of pointpatchesis thentestedto retrieve
theadjacency information. And usingthis adjacency rela-
tions,eachpointpatchis approximatedby apolygon,yield-
ing the initial polyhedralsurfacemodel. Thena triangular
meshis obtainedfrom this polyhedralmodelby meansof
polygonaldivision. In this procedure,notethat the resolu-
tion of the initial polyhedralmodelandeventually that of
the �nal triangularmeshcanbe controlledby varying the
numberof clustersin � -meansclusteringstage. In mesh
adaptation,in orderto increasetheequiangularpropertyof
theestimatedtopologyin ourapproach,themeshcon�gura-
tion is updatediteratively to convergeto thereferencemesh,
yielding �nally anequiangularmesh.Notethatthemeshis
modeledasdynamicspringmodelandthe referencemesh
is con�guredto bemostequiangulardeformation.

3 Voronoi Partitioning

The proposedmeshconstructionalgorithmbegins with
partitioningof therangedatausingthe � -meansclustering
technique. � -meansclusteringis performedbasedon the
nearestneighborcriterion,yielding Voronoipartitioningof
therangedata.

3.1 � ­MeansClustering

The � -meansclustering[6] algorithmclustersmultidi-
mensionaldata, by minimizing the sum of the distances
betweeneachpoint andthe clustercenters.This is useful
techniquein clusteringunorganizeddata,especiallywhen
no additionalinformation is provided, except the position
of the data. In our approach,the � -meansalgorithm is
adoptedto partition 3-D rangedatainto point patchesfor
the polygonalapproximation. In order to �nd the center
of the point patches,we usetheLGB algorithm[1] to de-
terminethecenterof eachcluster, �����
	���
�	���

������
�	���� ,
where� is thenumberof clusters.TheLGB algorithmcan
besummarizedasfollows.

(1) Choose an initial set of centroids
������	

�
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�	 � � .

(2) Determine the Voronoi region for
each 	�� .

(3) Compute the centroid of each Voronoi
region.

(4) If it has not converged, go to step
2. Otherwise stop.

In determiningtheVoronoi region,eachrangedatais clus-
teredinto � point patches�
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In LGB algorithm, the choiceof the initial setof cen-
troid is important,sincethealgorithmwould convergeto a
localminimumdependingontheinitial selection.In ourap-
proach,weusethesplitting technique,in whichthenumber
of clustersis increasedfrom 1 to � . Thecentroidof point
patchwith largestvarianceis split into two by choosingtwo
centroidsasrandomperturbations.

Thereareseveral advantagesin applying the � -means
clusteringalgorithm.First,by usingthedivide-and-conquer
method, the computationburden can be reducedsigni�-
cantly in furtherprocessing.Note thatsincea setof range
datais very large,theconventionalpoint-wisemanipulation
requiresenormousamountof computationalcost. On the
otherhand,by partitioningthedatainto anumberof patches
andmanipulatethem,our algorithmcanreducethe search
spacedrasticallyandalleviatethecomputationalcost.Sec-
ond, the resultantpatchesareregular in shape,due to the
characteristicsof Voronoiregion. Thus,in turn, theapprox-
imatedpolygonbecomesalsovery regular, which is oneof
thedesirablefeaturesin constructingthemeshstructure.

2
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Figure 2. Subc lustering of a point patc h. (a)
Non­minif old point patc h ( ACB ). (b) Removing
non­manif old patc h by creating a new patc h
( AED ). (c) Removing non­manif old patc h by
neighborhood­rec lustering ( AGF and AGH ).

3.2 Subclusteringof Point Patch

Sincethedistancemeasurein (2) is Euclidiandistance,
the resultantpoint patchcanbe non-manifoldstructured1.
For example,when the object is relatively thin compared
with the radiusof the point patch, someof the resultant
patchescould consistof pointswhich lie on oppositeside
of the thin surface,as shown in Figure 2 (a). In further
processing,this producesfoldedpolygonswhich aretopo-
logically incorrect.

The problemcan be solved by adoptingdifferent dis-
tance measure,i.e., geodesicdistance. However, the
geodesicdistancecomputationis computationallycostly.
Eventhoughfastalgorithmis available,it is de�nitely im-
practicalin thisapplicationdueto thelargesizeof therange
data. In our approach,in orderto solve the problem,non-
manifoldpatchis subclustered,yieldingtwo manifoldpoint
patches,as shown in Figure 2 (b). On the other hand, if
thenew patchhasfew points,therelativesizewouldbetoo
small, which causesirregular topology in further process-
ing. Therefore,in thiscase,thesmallerpart(lowersubclus-
ter of AEI in Figure2 (a)) is reclusteredto theneighboring
clustersasshown in Figure2 (c).

4 Triangular MeshConstruction

In this section,we describethe proposedalgorithm to
estimatetheunderlyingtopologyby constructinginitial tri-
angularmeshfrom the point patches.Algorithms arede-
velopedfor pointscloud,sincethedensemeshstructureis
eventuallyaspecialcaseof pointscloud.Notethatmuchof
thedetailscanbesimpli�ed by usingtheconnectioninfor-
mationof meshif theinput is densetriangularmesh.

4.1 Finding the AdjacencybetweenPoint Patches

Considertwo pointpatches�
� and ��J , whichconsistsof

K and L points,respectively, as
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1A point patchis calledmanifold structuredwhenall the point in the
patchis geodesicallyadjacent.
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Let UWV � -X* be a openballcenteredat - with radius Y , and
de�ne URV � � � * and UWV � ��J�* usingtheopenballsas(6).

UWV � � � *Z�[UWV � - �\M *X]^URV � - �
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Assumethat �a� and � J areadjacenteachother. Then,for
someY , at leastonepoint of � J is includedin U V

� �,�b* and
alsoat leastonepoint of �a� is includedin U V

� � J * . In other
words,if theproposition(7) is true,then ��� and � J arecon-
sideredto beadjacent.

� URV � � � *�cd��J 9�fe�*�g � URV � ��J�*Xch� �i9 �fe�* (7)

If the radius, Y , is too large, therewould be falsealarm
for thepatcheswhicharenotactuallyadjacent.Onthecon-
trary, if Y is too small,theadjacency couldnot bedetected.
In this research,we foundempiricallythatonefourthof the
meanradiusof �a� and � J resultsin goodperformance,such
that
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wheretheradiusof apointpatchis de�nedasthemaximum
distancebetweenpatchpointsandthecentroid,
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4.2 PolygonalApproximation of a Point Patch

After clusteringthe data,basedon the adjacency infor-
mationto neighboringpatches,eachpoint patchis thenap-
proximatedby a properpolygon. This canbe doneeasily,
byconstructingthePatchAdjacency Table(PAT), whichde-
scribestheadjacency relationsbetweenevery pair of point
patches.For thedetail,referto our previouswork [15].

4.3 MeshGeneration

Thetriangularmeshstructurecanbeconstructedby con-
nectingeachverticesof polygon and the centroidof the
point patch.Notethat theverticesof polygonandthecen-
troid of thepoint patchareexactly on thesampledsurface,
thusthenodesof the triangularmeshis alsocoincidewith
thesampleddata.

4.4 Multir esolutionTriangulation

Multiresolutiondescriptiontechniquehave beenwidely
usedto control the visual descriptionin multiple levels of
detail (LOD), accordingto thegraphicperformancein the
�eld of computergraphics,visionandvirtual environments.

In our proposed3-D surface modeling approach,the
multiresolutiondescriptioncanbe easily implemented,by
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controlling the numberof the clustersfor the initial poly-
hedralmodel. In general,thereexists a trade-off relation-
ship betweenthe resolutionof modelingand the approxi-
mationerror. Thus,by increasingor decreasingthenumber
of polygonalpatches,it is possibleto controltheresolution
andapproximationerror. Note that, in our approach,the
numberof polygonalpatchescanbeadjustedeasilyby the
numberof clusters,� , in the � -meansalgorithm.

Therefore,if theapproximationerrorof theinitial model
is abovea speci�ederrorbound,we canreducetheerrorto
beunderthebound,by increasing� appropriately.

5 MeshAdaptation UsingDynamic Model

Adaptive mesh[3] hasbeenproposedfor nonuniform
samplingandreconstructionof the intensityandrangeim-
agedata.It is a dynamicmodelassembledastopologically
regularcollectionsof nodalmassesconnectedby adjustable
springs.Thedynamicmeshautomaticallyupdatesitself un-
til theequilibriumstate,drivenby thenodalanddataforces.

In our approach,we employ theadaptivedynamicmesh
techniqueto improvetheequiangularityconditionof there-
constructedtriangularmesh.Considera node rs� which is
connectedto noder

J by aspringwith naturallength tu�
J and

stiffness v . Then,the force that the springexertson rE� is
de�ned as w
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In (11),

w

-
� and

w

-SJ arethepositionalvectorof r
� and r{J ,

respectively. Dueto thenodalandexternalforces,theposi-
tion of eachnodewith mass| andthedampingcoef�cient

} is governedby following second-ordernonlinearordinary
differentialequation,givenby
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where

w

€

� is externalforceat node r
� . Notethattheconver-

gencespeedcanbecontrolled,by adjusting| and } , andit
becomessloweras | and } increase.

Equation(13) can be solved numericallyby using the
Eulertime-integrationmethod,andthecorrespondingitera-
tiveequationscanbederivedasw
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(a) (b)

Figure 3. Movement of a node . (a) Determine
the tang ential nodal force

w

•‰•

�

�r st by project­
ing

w

•

� onto the tang ent plane . (b) then locate
the new position r

ƒ�„†…

�

by projecting the tan­
gential displacement on the sampled surface .

whereŠ ~ is thetimestep.Weobservethatas Š ~ increases,
althoughtheconvergencerateis accelerated,theprobability
of convergingto localminimaalsoincreases.By using(17),
the initial meshis updatediteratively to bestabilized,with
properchoiceof | , } , and Š ~ .

In orderto improvetheequiangularityof theinitial mesh
usingtheadaptive meshtechnique,we �rst establisha vir-
tual referencemeshto which the initial meshshouldcon-
verge. Eachtriangleof the referencemeshis equiangular
andhasthesameareaof thecorrespondingtriangleof the
initial mesh. Now, in orderto assuretheconvergence,the
natural length, t3Ž

„Œ• , of eachspring in the initial meshis
setto be the lengthof a sideof the correspondingequian-
gular triangle in the referencemesh. However, note that
sincea spring is essentiallysharedby two triangles, t"Ž

„Œ•

is not uniquelydetermined.Thus, to overcomethis non-
uniquenessproblem,wechoosethemeanof two candidates
for thenaturallength.Let •

� and •�� betheareaof triangles
whichshareacommonspring.Then,thenaturallength t

Ž

„Œ•

is de�ned as
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wherethelength tu� is givenby
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Note that since the shapeof adjacenttrianglesis similar
enough,the meannaturallength, t

Ž

„Œ• , of sharedspring is
possiblyexpectedto improvetheequiangularityof bothtri-
anglessimultaneously.

In general,sincetheapproximationerroris signi�cantly
affectedby thenodalmovement,dueto thedataforce,mod-
elinganddeterminingtheexternalforce,i.e., dataforce

w

€

� in
(13) is anotherimportantissuein designingdynamicadap-
tive mesh. Usually, this problembecomesmore dif�cult
whenwe dealwith scatteredrangedata,ratherthaninten-
sity or rangeimage.Thus,in orderto solve theproblem,in
ourapproach,weconstrainthemovementof thenodesto be
only onthesampledsurface,sothatthemodelingerror, and
thusthedataforceat eachnodebecomezero. In Figure3,
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a two dimensionalillustrationof our approachis shown, in
which the dottedcurve denotesthe sampledsurface. Let
thetotal nodalforceat rG� by theattachedspringsto be

w

•

� .
Then,

w

•

� is projectedontothetangentplane,resultingin the
tangentialnodalforce

w

• •

�

, which is theeffectivenodalforce
is in this case.Now, asshown in Figure3 (b), thenode rs�

is movedto thepositionof r

•

�

by the tangentialforce,and
thenthenew noder

ƒ�„†…

�

is �nally localizedon thesampled
surfacethroughtheprojectionof r

•

�

ontoit. Sincethenodal
positionis tied on the sampledsurface,the approximation
errorvariesnotmuchduringtheiterationprocess,while the
equiangularityis greatlyimproved.

6 Experimental Results

In orderto evaluatetheperformanceof theproposedal-
gorithm, we have carriedout the experimentson several
rangedataset. Multiresolutiontopologyestimationis per-
formedfor themodelsin Figure4 (a)– (c),while polyhedral
and triangularmeshwith differentchoicesof � are con-
structed. The resultsare shown in Figure 4 (d) – (r). In
Figure 4 (d) – (h), the position of the codebookvector is
shown. After � -meansclusteringandpolygonalapprox-
imation of eachpoint patch,the polyhedronmodel is ob-
tainedas shown in Figure 4 (i) – (m), in which � is set
to 800, 100, 1500,100, and1500,respectively. The con-
structedtriangularmeshmodelisshown in Figure4 (n) – (r).
It is observedthatthetrianglesonthereconstructedmeshis
quiteequiangular, becauseof themeshadaptation.

Notethat thepurposeof themeshadaptationis to max-
imally increasetheequiangularityof the initial mesh.Fig-
ure 4 (s)– (u) show the histogramchangebeforeandafter
themeshadaptation.Eachinitial meshof themodelis mod-
elled as the dynamicmeshand updatediteratively for 50
times. It is observed that the equiangularityis suf�ciently
improved.Notethatthetriangularmeshin Figure4 (n) – (r)
hasgonethroughthis adaptationprocedure.It is visually
clearthattheresultantmeshhasquiteregularstructure.

7 Conclusion

In this paper, basedon a combinedstatisticaland dy-
namicalmethods,we proposedanef�cient algorithmto es-
timatetheunderlyingtopologyof 3-D rangedatain forms
of theequiangulartriangularmeshmodel. Unlike thecon-
ventionalmethods,by adoptinga top-down approach,the
proposedalgorithm can not only manipulateunorganized
and scattered3-D rangedata ef�ciently , but also reduce
thecomputationalcostrequiredin modeling,especiallyfor
largeanddensedataset. By usingthe � -meansclustering
algorithmsequentially, multiresolutiontopologyestimation
is effectively achieved,andalsothetriangulationcanbeac-
complishedef�ciently . Moreover, in order to increasethe

equiangularityof the constructedtriangularmesh,the ini-
tial meshis modeledasa dynamicmeshstructure,so that
it re�nes itself iteratively throughthestabilizationprocess,
drivenby thenodalforcesandtheequiangularconstraint.
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histogram of Bunn y model before and after the mesh adaptation. �¤�

œ�•@•

, |¥�

•

?

•

# , }

�

•

?

% , vj�¦# ,
Š

~E�

•

?

•§˜

. (t) Angle histogram of Teeth model ( �¨�¥#@
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). (u) Angle histogram of Venus model
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