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Abstract

In this paper we investigatethe feasibility of using
graph-basedescriptiongo learnthe view structureof 3D
objects.The graphsusedin our studyareconstructedrom
the Delaunaytriangulationsof cornerfeatures.Theinvesti-
gationis dividedinto two parts.We commencdy consider
ing how relationalstructurecanbeencodedn awaywhich
canbe usedto generatgparametriceigenspacesHere we
investigatefour differentrelationalrepresentationderived
from the graphs.The rst threeof thesearevectorencod-
ings of the adjaceng graph,theweightedadjacenyg graph,
andthe point proximity matrix; the fourth representatiois
theedgeweighthistogram We studytheeigenspaceshich
resultfrom thesedifferentrepresentationsin addition,we
investigatehow multidimensionalscaling may be usedto
generateeigenspacefrom a setof pairwisedistancede-
tweengraphs.

1 Intr oduction

View basedobject recognitionhasbeenstudiedin the
computervision literaturefor over threedecadeq29, 9].
Statedsimply, theideais to compilea seriesof imagesof an
objectasthe setof possibleviewing directionsis spanned.
Theimagesarethensubjectedo someform of dimension-
ality reduction[11] or informationabstractiorf9]. Thisisa
procesf learning[14] thatmay involve eitherfeatureex-
traction,principalcomponentanalysisor theabstractiorof
themainstructuresisingarelationaldescriptior{21]. Once
a condensedmagerepresentatiofis to hand,thenthe aim
is to embedthe differentimagesin a low-dimensionakep-
resentatiorwhich canbe traversedwith viewing direction.
Recognitionand poserecovery may be effectedby nding
the closestrepresentatie view. In otherwords,the aimis
to embedhigh-dimensionaliew basedmagedatain alow
dimensionaktructurewhichis suitablefor view indexing.

Broadly speakingthereare two differentapproacheso
thisproblem.The rst of theseis to constructaineigenspace
[11]. Thisapproactwas rst introducedoy MuraseandNa-
yar[11], andhassincebeenre ned in anumberof different
ways[16, 20]. Theideais to performprincipalcomponents
analysison the imagescollectedas the viewing direction
andillumination direction[1] arevaried. This is achieved
by rst storingeachimageasalong-vector Next thecovari-
ancematrix for thelong-vectorsis found. The eigervectors
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of the covariancematrix de ne the directionsof principal
componentsn the spacespannedy the long-vectors. Di-
mensionalityreductionis achieved by projectingthe origi-
nalimagesontothe principalcomponentirectionsandse-
lectingthe componentgorrespondingo the leadingeigen-
vectors.Themethodhasmainly beenappliedto pixel based
imagerepresentations.

The secondapproachto the problemis older and in-
volves constructinga relationalabstractiorof the features
presenin the raw images[15, 29]. The aim hereis to ex-
tractsurfacesor boundarygroupingsfrom 2.5D rangedata
or 2D imagedata. From this datathe view occurrenceof
the differentimagestructuress noted. Hencea group of
imageswhich all yield the samefeaturecon guration are
deemedo belongto a commonview [7]. View indexing
can be achieved by matchinga relationalarrangemenof
imagestructurego the setof correspondingepresentatie
view graphs. This approachto the problemhasits origins

in_the work of Freemarpn characteristiviews. It hasalso
stimulatedthe studyof aspecgraphg9, 19, 27]. Thetopic

drawsheavily onwork from psychology[2, 3] anddifferen-
tial topology[25, 15].

In this paperwe aimto explorea synthesiof thesetwo
methodologiesOur aim is to investigatewhetherit is pos-
sible to generateview-basedeigenspacesising relational
graphs. We study 3D polyhedralobjectsviewed from dif-
ferentdirections.Thefeaturesisedin our studyarecorners.
Our graphsareobtainedby locatingthe Delaunaytriangu-
lations of thesepoint-features. We explore two different
approacheso constructingeigenspacesThe rst of these
involvesencodingheadjaceng matrixasalong-vectorand
repeatinghe MuraseandNayer[1] analysis.Herewe in-
vestigatevariousrepresentationsf the adjaceng structure
of the graphs. Theseinclude vectorsof weightedand un-
weightedadjaceng indicators,a vectorof point proximity
weightsanda normalisedhistogramof proximity weights.
Our secondapproacho the problemis to usemultidimen-
sional scalingto embeda set of pairwise graph-distances
into alow-dimensionakpace.

We comparethe resultsfrom the different embedding
stratgies and the different adjaceng representation®n
both syntheticand real-world data. Our aim hereis to
determinewhether the view-trajectoriesin the resulting
eigenspacearewell-orderedandcanhencebe usedto in-
dex pose.



2 Imagerepresentation

We areinterestedn learningthe view structurefrom a
setof images whosepoint-featuredhave
beenabstractedising Delaunaygraphs. Supposehat the
featuresin the image  have beenabstractedusing the
graph . Here s denotesthe of nodes,
i.e. theindex-setfor the point-featuresand
is the edge-sefor the Delaunaygraph. The graphindex

runsoverthe setof imagesin their view-ordet

We have experimentedn four differentrepresentations
of the structureof thegraph

2.1 Adjacency matrices

Our rst representatiois basedn theadjaceng matrix
for the graph . Thisis a matrix whose
elementwith row index andcolumnindex is
if
. 1
otherwise (1)
We adopt a long-vector representationfor the adja-

ceny matrix. This is obtainedby stackingthe columns
of the matrix ~ in order The resultingvectoris

. Henceeachentryin thelong-vectorcorre-
sponddo a differentedgein the graph.This representation
is only meaningfulprovided that the orderof the nodesin
the different graphsis identical and that they containthe
samenumberf nodes.

2.2 Weightedadjacencymatrices

Our secondepresentatiomvolvesweightingtheedges.
We do this by associating@ weightwith eachedgewhichis
determinedy thedistancebetweerthe pair of correspond-
ing cornerfeaturedn theimage . If is thedistance
betweerthecornerfeatures and , thentheweightassoci-
atedwith theedge is

if
otherwise 2)

Thecolumnsof theresultingweightedadjaceng matrix are
againstacledto form along-vector

2.3 Point proximity matrices

The third relationalrepresentationf the cornerfeature
usesa point proximity matrix. Herewe usethe weighting
functiondescribedabore, but applyit to all pairsof corner
featuresirrespectve of whetherthey are connectedoy an
edgeof the Delaunaygraph. The entry in the proximity
matrix for the pair of corners and is

®3)
2.4 Weight histogram

Ouraimis to usethelong-vectorsextractedfrom thead-
jaceng representationfor the cornerfeaturesrom differ-
ent views to generatean eigenspace.This involves com-
putingthe covariancematrix for the differententriesin the

long-vectors. However, in orderto be statisticallymean-
ingful, theentriesin thelong-vectorsmustbein correspon-

dencewith oneanother ] ]
To overcomethis problem,if correspondenceforma-

tion is not available,we have investigatedhe useof weight
histograms. The weight-function as-
signsto eachedgea weight from the interval . This
interval can be divided into a numberof contiguousbut

non-overlappingintenals Hence,
and if . We can
associatevith eachinterval abin . For thegraph

, thehistogrambin-contentss incrementedasfollows:

if
otherwise (4)

Fromthebin-contentsye computea normalisechistogram
whosebin-contentss

(5)

We corvert this histogram into a vector

This procedurecan be appliedto both the weightedad-
jaceny matrix or the proximity matrix.

3 Learning view structure

_In this sectionwe describetwo methodsfrom embed-
ding graphsin eigenspaceslhe rst of theseinvolvesper

forming principal componentsanalysison the covariance
matricesfor thelong-vectorsof the adjaceng matrix or the
weight histograms.The secondmethodinvolvesperform-
ing multidimensionakcalingon a setof pairwisedistance
betweergraphs.

3.1 Eigendecompositionof the imagerepresenta-
tion matrices

Our rst methodmakesuseof the parametrieigenspace
ideaof MuraseandNayar[11, 22, 24]. Speci cally, weaim
to generat@arametriccigenspacesom therepresentations

outlinedin Section2. ) ) o
The relationaldatafor eachimageis vectorisedin the

way outlinedin Section2. The differentimagevectors
arearrangedn view orderasthe columnsof thematrix

Next, we computethe covariancematrixfor theelements
in thedifferentrows of thematrix . Thisis foundby tak-
ing the matrix product We extractthe principal
componentslirectionsfor therelationaldataby performing
an eigendecompositioon the covariancematrix . The
eigervalues arefound by solving the eigervalue equa-
tion andthe correspondingigervalues are
foundby solvingthe eigervectorequation

We usethe rst 3 leadingeigervectorsto representhe
graphsextractedfrom the images. The co-ordinatesystem
of theeigenspaces spannedy thethreeorthogonalkectors
by . Theindividual graphsrepresentedy
thelong vectors canbe projectedonto



this eigenspaceisingthe formula Henceeach
graph is representethy a 3-componentector in the
eigenspace.

At this point, it is worth pausingto considerthe mean-
ing of the covariancematrix usedto constructthe different
eigenspacesWhenthevector representshe adjacenyg
structureof the graph,thenthe element  of the covari-
ancematrixis givenby

(6)

Which is simply the co-occurrencdrequeng of the edges
indexed and in thesetof N view graphs.

In the caseof the normalisedweight histogram the co-
variancematrix elements

(7)

Which s correlationco-efcient for thebins and of the
weight-histogranover the setof view graphs.

3.2 Multidimensional Scaling

Multidimensionalkcaling(MDS)[3 is aproceduravhich
allows dataspeci ed in termsof a matrix of pairwisedis-
tancesto be embeddedn a Euclideanspace. The clas-
sical multidimensionalscaling method was proposedby
Torgenson[3]1 and Gower[13. Shepardand Kruskal de-
velopedanotherkind of scalingtechniquecalled ordinal
scaling[12. Herewe intendto usethe methodto embed
the graphsextractedfrom different viewpointsin a low-
dimensionakpace.

To commencewe require pairwise distancesbetween
graphs.Therearemary waysin which graphsimilarity can
be measured.The alternatvesinclude graphedit distance
[8, 26, 4, 23], probabilisticsimilarity measure$s, 30], and
guadraticdistancemeasure$28, 10].Herewe usetwo dif-
ferent methods. The rst of theseusesa simple matrix
methodto computethe distancebetweenpairs of graphs
correspondingo differentviewpoints[17] For the graphs

and thesimilarity measuras

(8)

where isa matrix of correspondencadica-
torsand is amatrix whoseentriesareall unity.

The secondmethodusedto computethe distancesbe-
tweenthe graphsmakesuseof theweight-histogramHere
thedistancebetweerthegraphsds simplytheEuclideardis-
tance betweenthe normalisedhistogrambin-contentsfor
thetwo graphsij.e.

(9)

areusedasthe elements
, whoseelementsare

The pairwisesimilarities
of an disimilarity matrix
de ned asfollows

if
if (10)

In this paperwe usetheclassicamultidimensionakcal-
ing methodto embedour the view-graphsin a Euclidean
spaceusing the matrix of pairwisedissimilarities . The
rst stepof MDS is to calculateamatrix whoseelement
with row andcolumn is givenby

- (11)

where
— (12)
is theaveragedissimilarityvalueoverthe th row, isthe

similarly de ned averagevalueoverthe th columnand
— (13)

is theaveragesimilarity valueover all rows andcolumnsof
the similarity matrix

We subjectthe matrix  to an eigervectoranalysisto
obtaina matrix of embeddingco-ordinates . If therank
of is , thenwe will have non-zeroeigerval-
ues. We arrangethese non-zeroeigervaluesin descend-
ing order, i.e. . The cor
respondingorderedeigervectorsare denotedby  where

is the th eigervalue. The embeddingco-ordinatesys-
tem for the graphsobtainedfrom differentviews is

where are the scaledeigen-
vectors. For the graphindexed , the embeddedrector of
co-ordinatess

3.3 Contrasting the Methods

Beforeconcludingthis sectionwe pauseo comparehe
two eigendecompositiomethods.Both aim to embedthe
graphsin alow-dimensionakpace.In the caseof the pro-
jection methoddescribedn Section3.1, the eigenspaceés
generatedrom the covariancematrix for theindividual fea-
turescontainedwithin the graphsover the differentviews.
Thesefeaturesmay be eitherindividual edges,n the case
of the long-vectorrepresentatiomf the adjaceng matrix,
or weightfrequenciesin thecaseof thehistogramsHence,
theaxesof therepresentatione ect the mostsalientdistin-
guishingfeaturesof the differentgraphs.The original data
is then projectedonto this axis systemfor the purposef
constructinghe view-space.

In the caseof the multidimensionakcalingmethodout-
lined in Section 3.2, the measureusedto constructthe
eigenspaces oneof graphsimilarity, ratherthanfeatureco-
occurrenceThegraphsareembeddedn theeigen-spacen
suchaway asto re ect the patternof pairwisesimilarities.

4 Experiments

We have usedtwo imagesequencefn our study The
rst of theseis the setof syntheticimagesshownn in Figure
1. Thisis asetof perspectie views of ahouseasit rotates.
Theassociatedraphsareshovnin Figure2. It is important



to note that althoughthe numberof feature-pointdn this
seguenceemainsthe same thereare signi cant structural
differencesin the graphsin the differentviews. In addi-
tion, becauseave have synthesisedheseimages the corre-
spondencebetweerfeaturepointsin the differentviews is
known. In Figure3, we shov a secondealworld sequence
of images. This sequencés taken from the CMU/VASC
data-baseFigure4 shovs the Delaunaygraphsfor the sec-
ond sequence Herethe featurepoints have beendetected
usingthe cornerdetectorof [18]. In this sequencéhereare
differentnumbersf featurepointsin thedifferentviews. In
addition,we do notknow thecorrespondencdsetweerfea-
ture points. Moreover, thereareagainsigni cant structural
differencesdetweerthe edge-setsf thegraphs.

4.1 Syntheticlmages

We commenceour experimentalstudy using the syn-
thetic image sequencewherewe have accesdo the cor-
respondencesetweemodes.In Figure5(row 1), we show
theresultof projectingthe unweightedadjaceng graphfor
the points onto the parametriceigenspace.The trajectory
is well behavedanddoesnot exhibit kinks, or fold backon
itself. In addition,thepointscorrespondingo neighbouring
views are alwayscloserto one-anothethanviews thatare
not adjacent. This featureis underlinedby the interpoint
distancefunction which is shavn in the right panelof the
gure.

Figure 5(row 2) repeatsthis analysisfor the weighted
adjaceng matrix. Here,with the exceptionof the rst and
last views, the trajectoryis almostlinear. This may prove
anadwantagefor view indexing sincethe trajectorycanbe
interpolatedn alinearfashion.Fromtheright panelof the

gure itsis alsoclearthattheinterpointdistancdunctionis
alsosmoothethanin the caseof the unweightedadjaceny
matrix.

In Figure5(row 3) we show theresultsobtainedwith the
point-proximity matrix. This providesby far the mostuni-
form spacingof pointswith view number Thetrajectoryis
alsoconsiderablysmoothetthanin the previoustwo cases.
Theinterpointdistancgunctionis alsovery continuous.

Next we turn our attentionto the weighthistogramrep-
resentatiorof the points. In Figure5(row 4), we show the
resultswith the weight histogramfor the edgesof Delau-
nay graph. Here the trajectoryappearswell-ordered,but

it is somevhat erraticand is not smooth. This featureis
supportedby the interpoint distancefunction, which ex-

hibits local maximaandminima. A slightly betterpicture
emegeswhen the point proximity histogramis used. In
Figure5(row 5), thetrajectoryis slightly lesserraticandthe
distancdunctioncontaindesslocal structure.

Finally, we turn our attentionto multidimensionalscal-
ing. Figure6(row 1) shavs the resultobtainedwhenmulti-
dimensionakcalingis appliedto the graph-distanceddere
thetrajectoryis well-orderedandrelatively smooth.In ad-
dition, theinterpointdistancgunctionis alsoquite smooth.
Figures6(row 2) and6(row 3) repeathe MDS analysisfor
the adjaceng weight histogramand the proximity weight
histogram. The resultsare comparableto thoseobtained
with the matrix-basedlistancaneasureanddo notrequire
correspondenci&formation.

4.2 RealWorld Sequence

Sincethe numbersof cornersin the real world images
vary, and,in addition,we do not have correspondenceata
for thedetectegoints,we canonly usethehistogram-based
methodandmultidimensionakcaling.

Figures 7(row 1) and 7(row 2) show the trajectories
and distanceplots for the edgeweight and point proxim-
ity weighthistogramsFrom Figure7(row 1) it is clearthat
the edgeweight histogramis not suitablefor view-based
objectrecognition. The trajectoryis erraticandfolds over
onitself severaltimes. Moreover, the associatedhter-point
distanceplot is very noisy In the caseof the proximity
weighthistogramthetrajectoryis still quite noisy, but does
notfold-overuponitself.

Finally, we show theresultsobtainedby applyingmulti-
dimensionakcaling. Figures7(row 3), 7(row 4) and7(row
5) shav the resultsobtainedwith the matrix-basedyraph
distancetheweighthistogramdistancesandthe proximity
weight histogramdistances.to the graph-distancesHere
the besttrajectoryis obtainedwhenthe matrix-basedyraph
distancds used.Thisis considerablyesserraticthanthose
obtainedwith thetwo weighthistograms.

Figure 1. Model images with feature points

Figure 2. Graph representation of the model
images

5 Conclusions

In this paperwe have investigatedsariouswaysfor con-
structing view manifolds from graph structuresextracted



Figure 3. House images with feature points

Figure 4. Graph representation of the house
images

from imagescollectedwhenan objectis in differentposes.
We have explored two different approachego the prob-

lem. The rst of theseis an application of the para-
metric eigenspacanethod of Murase and Nayar This

methodrequirescorrespondendaformationandconstructs
the eigenspacdy measuringthe structuralcorrelationof

the graphsfor the different views. The secondmethod
usesmultidimensionakcalingto embedhegraphsn aEu-

clideanspaceusinga matrix of pairwisesimilaritiesfor the

graphs.

Although the rst methodgivesvery promisingresults
usingbothweightedandunweightedadjaceng matrix rep-
resentationsit requiresexact correspondence® be pro-
vided and doesnot accommodatgraphsof differentsize.
Thesecondmethod althoughit doesnotreturngoodtrajec-
tories,is more e xible in thesensehatit canaccommodate
graphsof differentsize.
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