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Abstract

In this paper, we investigatethe feasibility of using
graph-baseddescriptionsto learntheview structureof 3D
objects.Thegraphsusedin our studyareconstructedfrom
theDelaunaytriangulationsof cornerfeatures.Theinvesti-
gationis dividedinto two parts.Wecommenceby consider-
ing how relationalstructurescanbeencodedin awaywhich
canbe usedto generateparametriceigenspaces.Herewe
investigatefour differentrelationalrepresentationsderived
from thegraphs.The �rst threeof thesearevectorencod-
ingsof theadjacency graph,theweightedadjacency graph,
andthepoint proximity matrix; thefourth representationis
theedgeweighthistogram.Westudytheeigenspaceswhich
resultfrom thesedifferentrepresentations.In addition,we
investigatehow multidimensionalscalingmay be usedto
generateeigenspacesfrom a set of pairwisedistancesbe-
tweengraphs.

1 Intr oduction

View basedobject recognitionhasbeenstudiedin the
computervision literature for over threedecades[29, 9].
Statedsimply, theideais to compileaseriesof imagesof an
objectasthesetof possibleviewing directionsis spanned.
Theimagesarethensubjectedto someform of dimension-
ality reduction[11] or informationabstraction[9]. This is a
processof learning[14] thatmayinvolveeitherfeatureex-
traction,principalcomponentsanalysisor theabstractionof
themainstructuresusingarelationaldescription[21]. Once
a condensedimagerepresentationis to hand,thenthe aim
is to embedthedifferentimagesin a low-dimensionalrep-
resentationwhich canbe traversedwith viewing direction.
Recognitionandposerecovery maybeeffectedby �nding
the closestrepresentative view. In otherwords,the aim is
to embedhigh-dimensionalview basedimagedatain a low
dimensionalstructurewhich is suitablefor view indexing.

Broadly speakingtherearetwo differentapproachesto
thisproblem.The�rst of theseis to constructaneigenspace
[11]. Thisapproachwas�rst introducedby MuraseandNa-
yar[11], andhassincebeenre�ned in anumberof different
ways[16, 20]. Theideais to performprincipalcomponents
analysison the imagescollectedas the viewing direction
andillumination direction[1] arevaried. This is achieved
by �rst storingeachimageasalong-vector. Next thecovari-
ancematrix for thelong-vectorsis found.Theeigenvectors

of the covariancematrix de�ne the directionsof principal
componentsin thespacespannedby the long-vectors.Di-
mensionalityreductionis achievedby projectingtheorigi-
nal imagesontotheprincipalcomponentdirectionsandse-
lectingthecomponentscorrespondingto theleadingeigen-
vectors.Themethodhasmainlybeenappliedto pixel based
imagerepresentations.

The secondapproachto the problem is older and in-
volvesconstructinga relationalabstractionof the features
presentin the raw images[15, 29]. Theaim hereis to ex-
tractsurfacesor boundarygroupingsfrom 2.5Drangedata
or 2D imagedata. From this datathe view occurrenceof
the different imagestructuresis noted. Hencea groupof
imageswhich all yield the samefeaturecon�guration are
deemedto belongto a commonview [7]. View indexing
can be achieved by matchinga relationalarrangementof
imagestructuresto thesetof correspondingrepresentative
view graphs.This approachto the problemhasits origins
in thework of Freemanon characteristicviews. It hasalso
stimulatedthestudyof aspectgraphs[9, 19, 27]. Thetopic
drawsheavily onwork from psychology[2, 3] anddifferen-
tial topology[25, 15].

In this paper, we aim to explorea synthesisof thesetwo
methodologies.Our aim is to investigatewhetherit is pos-
sible to generateview-basedeigenspacesusing relational
graphs.We study3D polyhedralobjectsviewed from dif-
ferentdirections.Thefeaturesusedin ourstudyarecorners.
Our graphsareobtainedby locatingtheDelaunaytriangu-
lations of thesepoint-features. We explore two different
approachesto constructingeigenspaces.The �rst of these
involvesencodingtheadjacency matrixasalong-vectorand
repeatingtheMuraseandNayer[11] analysis.Herewe in-
vestigatevariousrepresentationsof theadjacency structure
of the graphs. Theseincludevectorsof weightedandun-
weightedadjacency indicators,a vectorof point proximity
weightsanda normalisedhistogramof proximity weights.
Our secondapproachto theproblemis to usemultidimen-
sional scalingto embeda set of pairwisegraph-distances
into a low-dimensionalspace.

We comparethe resultsfrom the different embedding
strategies and the different adjacency representationson
both syntheticand real-world data. Our aim here is to
determinewhether the view-trajectoriesin the resulting
eigenspacesarewell-orderedandcanhencebe usedto in-
dex pose.



2 Image representation

We areinterestedin learningthe view structurefrom a
setof images
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whosepoint-featureshave
beenabstractedusingDelaunaygraphs. Supposethat the
featuresin the image
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runsover thesetof imagesin their view-order.
We have experimentedin four differentrepresentations

of thestructureof thegraph �
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2.1 Adjacencymatrices

Our �rst representationis basedon theadjacency matrix
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We adopt a long-vector representationfor the adja-
cency matrix. This is obtainedby stackingthe columns
of the matrix
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. Hence,eachentry in thelong-vectorcorre-
spondsto a differentedgein thegraph.This representation
is only meaningfulprovided that the orderof the nodesin
the different graphsis identical and that they containthe
samenumbersof nodes.
2.2 Weightedadjacencymatrices

Oursecondrepresentationinvolvesweightingtheedges.
We do thisby associatingaweightwith eachedgewhich is
determinedby thedistancebetweenthepair of correspond-
ing cornerfeaturesin theimage
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Thecolumnsof theresultingweightedadjacency matrixare
againstackedto form a long-vector 0
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2.3 Point proximity matrices

The third relationalrepresentationof the cornerfeature
usesa point proximity matrix. Herewe usetheweighting
functiondescribedabove,but apply it to all pairsof corner
featuresirrespective of whetherthey are connectedby an
edgeof the Delaunaygraph. The entry in the proximity
matrix for thepair of corners' and ( is
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2.4 Weight histogram

Ouraimis to usethelong-vectorsextractedfrom thead-
jacency representationsfor thecornerfeaturesfrom differ-
ent views to generatean eigenspace.This involvescom-
putingthecovariancematrix for thedifferententriesin the

long-vectors. However, in order to be statisticallymean-
ingful, theentriesin thelong-vectorsmustbein correspon-
dencewith oneanother.

To overcomethis problem,if correspondenceinforma-
tion is notavailable,we have investigatedtheuseof weight
histograms. The weight-function CED
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Fromthebin-contents,wecomputeanormalisedhistogram
whosebin-contentsis
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We convert this histogram into a vector 0
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This procedurecanbe appliedto both theweightedad-

jacency matrixor theproximity matrix.

3 Learning view structure

In this sectionwe describetwo methodsfrom embed-
ding graphsin eigenspaces.The�rst of theseinvolvesper-
forming principal componentsanalysison the covariance
matricesfor thelong-vectorsof theadjacency matrixor the
weight histograms.The secondmethodinvolvesperform-
ing multidimensionalscalingon a setof pairwisedistance
betweengraphs.

3.1 Eigendecompositionof the imagerepresenta­
tion matrices

Our �rst methodmakesuseof theparametriceigenspace
ideaof MuraseandNayar[11, 22, 24]. Speci�cally, weaim
to generateparametriceigenspacesfrom therepresentations
outlinedin Section2.

The relationaldatafor eachimageis vectorisedin the
way outlinedin Section2. The
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differentimagevectors
arearrangedin view orderasthecolumnsof thematrix f
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Next, wecomputethecovariancematrixfor theelements
in thedifferentrows of thematrix f . This is foundby tak-
ing thematrix product g
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We extract theprincipal
componentsdirectionsfor therelationaldataby performing
an eigendecompositionon the covariancematrix g . The
eigenvalues h
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are found by solving the eigenvalueequa-
tion & g
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We usethe �rst 3 leadingeigenvectorsto representthe
graphsextractedfrom the images.Theco-ordinatesystem
of theeigenspaceis spannedby thethreeorthogonalvectors
by
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this eigenspaceusingthe formula
�
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graph �

� is representedby a 3-componentvector
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� in the
eigenspace.

At this point, it is worth pausingto considerthe mean-
ing of thecovariancematrix usedto constructthedifferent
eigenspaces.Whenthevector 	�� representstheadjacency
structureof the graph,thenthe element����� of the covari-
ancematrix is givenby
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Which is simply theco-occurrencefrequency of theedges
indexed � and � in thesetof N view graphs.

In thecaseof thenormalisedweighthistogram,theco-
variancematrix elementis
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Which is correlationco-ef�cient for thebins � and � of the
weight-histogramover thesetof view graphs.

3.2 Multidimensional Scaling

Multidimensionalscaling(MDS)[5] is aprocedurewhich
allows dataspeci�ed in termsof a matrix of pairwisedis-
tancesto be embeddedin a Euclideanspace. The clas-
sical multidimensionalscaling methodwas proposedby
Torgenson[31] and Gower[13]. Shepardand Kruskal de-
velopedanotherkind of scaling techniquecalled ordinal
scaling[12]. Here we intend to usethe methodto embed
the graphsextractedfrom different viewpoints in a low-
dimensionalspace.

To commencewe require pairwise distancesbetween
graphs.Therearemany waysin whichgraphsimilarity can
be measured.The alternativesincludegraphedit distance
[8, 26, 4, 23], probabilisticsimilarity measures[6, 30], and
quadraticdistancemeasures[28, 10].Herewe usetwo dif-
ferent methods. The �rst of theseusesa simple matrix
methodto computethe distancebetweenpairs of graphs
correspondingto differentviewpoints [17] For the graphs
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3 matrixof correspondenceindica-
torsand
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is a matrix whoseentriesareall unity.
The secondmethodusedto computethe distancesbe-

tweenthegraphsmakesuseof theweight-histogram.Here
thedistancebetweenthegraphsis simplytheEuclideandis-
tancebetweenthe normalisedhistogrambin-contentsfor
thetwo graphs,i.e.
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Thepairwisesimilarities
!

�?�@" �  areusedastheelements
of an AB5CA disimilarity matrix D , whoseelementsare
de�ned asfollows
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In thispaper, weusetheclassicalmultidimensionalscal-
ing methodto embedour the view-graphsin a Euclidean
spaceusingthe matrix of pairwisedissimilarities D . The
�rst stepof MDS is to calculatea matrix $ whoseelement
with row & andcolumn L is givenby
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is theaveragesimilarity valueoverall rowsandcolumnsof
thesimilarity matrix $ .

We subjectthe matrix $ to an eigenvectoranalysisto
obtaina matrix of embeddingco-ordinatesV . If the rank
of $ is ���#�CWFA , thenwe will have � non-zeroeigenval-
ues. We arrangethese� non-zeroeigenvaluesin descend-
ing order, i.e. X
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respondingorderedeigenvectorsare denotedby
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3.3 Contrasting the Methods

Beforeconcludingthissection,wepauseto comparethe
two eigendecompositionmethods.Both aim to embedthe
graphsin a low-dimensionalspace.In thecaseof thepro-
jection methoddescribedin Section3.1, the eigenspaceis
generatedfrom thecovariancematrix for theindividual fea-
turescontainedwithin thegraphsover the differentviews.
Thesefeaturesmay be either individual edges,in the case
of the long-vectorrepresentationof the adjacency matrix,
or weightfrequencies,in thecaseof thehistograms.Hence,
theaxesof therepresentationre�ect themostsalientdistin-
guishingfeaturesof thedifferentgraphs.Theoriginal data
is thenprojectedonto this axis systemfor the purposesof
constructingtheview-space.

In thecaseof themultidimensionalscalingmethodout-
lined in Section 3.2, the measureused to constructthe
eigenspaceis oneof graphsimilarity, ratherthanfeatureco-
occurrence.Thegraphsareembeddedin theeigen-spacein
suchaway asto re�ect thepatternof pairwisesimilarities.

4 Experiments

We have usedtwo imagesequencesin our study. The
�rst of theseis thesetof syntheticimagesshown in Figure
1. This is a setof perspectiveviewsof a houseasit rotates.
Theassociatedgraphsareshown in Figure2. It is important
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to note that althoughthe numberof feature-pointsin this
sequenceremainsthe same,therearesigni�cant structural
differencesin the graphsin the different views. In addi-
tion, becausewe have synthesisedtheseimages,thecorre-
spondencesbetweenfeaturepointsin thedifferentviews is
known. In Figure3, we show a secondrealworld sequence
of images. This sequenceis taken from the CMU/VASC
data-base.Figure4 shows theDelaunaygraphsfor thesec-
ond sequence.Herethe featurepointshave beendetected
usingthecornerdetectorof [18]. In this sequencethereare
differentnumbersof featurepointsin thedifferentviews. In
addition,wedonotknow thecorrespondencesbetweenfea-
turepoints.Moreover, thereareagainsigni�cant structural
differencesbetweentheedge-setsof thegraphs.

4.1 Synthetic Images

We commenceour experimentalstudy using the syn-
thetic imagesequence,wherewe have accessto the cor-
respondencesbetweennodes.In Figure5(row 1), we show
theresultof projectingtheunweightedadjacency graphfor
the pointsonto the parametriceigenspace.The trajectory
is well behavedanddoesnot exhibit kinks,or fold backon
itself. In addition,thepointscorrespondingto neighbouring
views arealwayscloserto one-anotherthanviews thatare
not adjacent. This featureis underlinedby the interpoint
distancefunction which is shown in the right panelof the
�gure.

Figure 5(row 2) repeatsthis analysisfor the weighted
adjacency matrix. Here,with theexceptionof the �rst and
last views, the trajectoryis almostlinear. This may prove
anadvantagefor view indexing sincethe trajectorycanbe
interpolatedin a linearfashion.Fromtheright panelof the
�gure its is alsoclearthattheinterpointdistancefunctionis
alsosmootherthanin thecaseof theunweightedadjacency
matrix.

In Figure5(row 3) weshow theresultsobtainedwith the
point-proximitymatrix. This providesby far themostuni-
form spacingof pointswith view number. Thetrajectoryis
alsoconsiderablysmootherthanin theprevioustwo cases.
Theinterpointdistancefunctionis alsoverycontinuous.

Next we turn our attentionto theweighthistogramrep-
resentationof thepoints. In Figure5(row 4), we show the
resultswith the weight histogramfor the edgesof Delau-
nay graph. Here the trajectoryappearswell-ordered,but
it is somewhat erratic and is not smooth. This featureis
supportedby the interpoint distancefunction, which ex-
hibits local maximaandminima. A slightly betterpicture
emergeswhen the point proximity histogramis used. In
Figure5(row 5), thetrajectoryis slightly lesserraticandthe
distancefunctioncontainslesslocal structure.

Finally, we turn our attentionto multidimensionalscal-
ing. Figure6(row 1) shows theresultobtainedwhenmulti-
dimensionalscalingis appliedto thegraph-distances.Here
thetrajectoryis well-orderedandrelatively smooth.In ad-
dition, theinterpointdistancefunctionis alsoquitesmooth.
Figures6(row 2) and6(row 3) repeattheMDS analysisfor
the adjacency weight histogramandthe proximity weight
histogram. The resultsare comparableto thoseobtained
with thematrix-baseddistancemeasure,anddo not require
correspondenceinformation.

4.2 Real World Sequence

Sincethe numbersof cornersin the real world images
vary, and,in addition,we do not have correspondencedata
for thedetectedpoints,wecanonlyusethehistogram-based
methodandmultidimensionalscaling.

Figures 7(row 1) and 7(row 2) show the trajectories
anddistanceplots for the edgeweight and point proxim-
ity weighthistograms.FromFigure7(row 1) it is clearthat
the edgeweight histogramis not suitablefor view-based
objectrecognition.The trajectoryis erraticandfolds over
on itself severaltimes.Moreover, theassociatedinter-point
distanceplot is very noisy. In the caseof the proximity
weighthistogram,thetrajectoryis still quitenoisy, but does
not fold-overuponitself.

Finally, we show theresultsobtainedby applyingmulti-
dimensionalscaling.Figures7(row 3), 7(row 4) and7(row
5) show the resultsobtainedwith the matrix-basedgraph
distance,theweighthistogramdistancesandtheproximity
weight histogramdistances.to the graph-distances.Here
thebesttrajectoryis obtainedwhenthematrix-basedgraph
distanceis used.This is considerablylesserraticthanthose
obtainedwith thetwo weighthistograms.

Figure 1. Model images with feature points

Figure 2. Graph representation of the model
images

5 Conclusions

In thispaper, wehaveinvestigatedvariouswaysfor con-
structing view manifolds from graphstructuresextracted
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Figure 3. House images with feature points

Figure 4. Graph representation of the house
images

from imagescollectedwhenanobjectis in differentposes.
We have explored two different approachesto the prob-
lem. The �rst of these is an application of the para-
metric eigenspacemethod of Murase and Nayar. This
methodrequirescorrespondenceinformationandconstructs
the eigenspaceby measuringthe structuralcorrelationof
the graphsfor the different views. The secondmethod
usesmultidimensionalscalingto embedthegraphsin aEu-
clideanspaceusinga matrix of pairwisesimilaritiesfor the
graphs.

Although the �rst methodgivesvery promisingresults
usingbothweightedandunweightedadjacency matrix rep-
resentations,it requiresexact correspondencesto be pro-
vided anddoesnot accommodategraphsof differentsize.
Thesecondmethod,althoughit doesnot returngoodtrajec-
tories,is more�e xible in thesensethatit canaccommodate
graphsof differentsize.
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