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Abstract

We presenta methodfor reconstructionof structuied
scenedromoneor more views, in which the userprovides
image pointsand geometricknowledg -coplanarity, ratios
of distances,angles-aboutthe corresponding3D points.
First, the geometricinformation is analyzed. Thenvan-
ishing pointsare estimatedfromwhich camea calibration
is obtained. Finally, an algebraic methodgivesthe recon-
struction.

Our algebraic reconstruction method improves the
presentstate-of-the-artn manyaspects geometricknowl-
edeeincludesnotonly planarity andalignmentnformation,
but also knownratios of lengths. Thesingle and multiple-
view casesare treatedin the sameway andthe methodde-
tectswhethertheinputdatais suficientto definea rigid re-
construction.We bendimark,usingsyntheticdata, the var-
ious stepsof the estimationprocessand showreconstruc-
tions obtained from real-world situationsin which other
methodsvouldfail.

We also presenta new methodfor maximumlikelihood
estimationof vanishingpoints.

1 Intr oduction

It hasbeenshown [2, 6, 7, 5] that 3D reconstructions
achiesablefrom asingleimage providedthatsomegeomet-
ric propertiesaboutthe sceneareknown, asis possiblein
urbanor indoorsscenesPossibleapplicationsinclude his-
torical studies,urbanism real-estatestc. In this article, we
presenta methodfor obtainingsuchreconstructions.

We considerstructuredscenes thereexist parallellines
andplanes somedistancesreequalor have known ratios.
Thedirectionsthatdefinetheseplanesandlinesplay a spe-
cial role andwe call them“dominantdirections.

The input could consistin one or more images,as in
Fig. 1 (left). Theuseridentifiesthe projectionsof 3D points
to be estimated(white dotsin the figure) and gives some
geometrigpropertiessuchas:

e Thefive big white dots(at the right of the image)all
belongto a“X-Z" plane. Otherplanesandlines have
likewisebeengiven.

e The slantedwall surface (bottom of walls) stick out
by the sameamountalongthe“X” and“Y” directions
(distance'w,” in thefigure).

e The distanceszb, alongthe “X” axis is equalto the
distancead alongthe“Y” axis (distance‘ws”). Also,
thedistancesic alongthe“X” and“Y” axesareequal
to cos(m/4)ws.

We will call “geometricinformation” all the coplanarity
alignmentanddistanceratio informationgivenby the user
Theinputdatais givenaformal definitionin Sectionl.1.

The proposednethodworksin two steps: first, vanish-
ing points' of the dominantdirectionsareestimatedand, if
possible the camera(s)s (are)calibrated.Then,therecon-
structionis obtainedby analgebraiamethod.

We outlineherethealgorithm,detailsbeinggivenin Sec-
tions 2-3. Eachpartof the algorithmis summarizecht the
endof the correspondingection.

Vanishing points Any number of dominant directions
may be present. In Figure 1, therearefive, labeled“X”,
“yr, fz", “U” and"V". MaximumLikelihoodestimateof
thevanishingpointsareobtained Section2.1) undertheas-
sumptionthat the error on the obsenationsare Gaussian,
indepenteniand identically distributed. Under the above
assumptionsthe likelihood function is the sumof the eu-
clideandistancefrom the pointsto the lines that contain
them,andpassthroughthe vanishingpoint.

Calibration can be obtainedif a right trihedron exists
amongsthe dominantdirections[1]. Otherwise,an affine
-ratherthaneuclideanreconstructioris obtained.

Projection matrices areobtained[1] from the vanishing
points.

1The vanishingpoint of a 3D directionv is the uniqueimagepointin
which all projectionsof 3D linesparallelto v intersect.



Figure 1. Left : Image with dominant directions (X,Y,Z,U,V,W) and 2D points. Right : Reconstruction.

The algebraic reconstruction method for obtainingre-
constructionfrom 2D pointsand geometricinformationis
the main contribution of this article. It's main characteris-
ticsare:

1. A criterion, insensitve to noise,is usedto determine
whethertheinput datadefinesarigid reconstruction.

2. Knownratiosof distancedetweermarallelplanesnay
be specifiedwhich alsoallows to exploit symmetryin
thescene.

3. All 3D pointsand cameraposition(s)are obtainedsi-
multaneouslyunlikein [7, 6]). No referenceplane[4]
or shapeemplat€2] is used.

4. Multiple and single-imagescasesare treatedin the
samemanner It is not necessaryalthoughfeasible)
to track pointsacrossmagesto obtainreconstructions
from mary views.

5. Thereconstructioralwaysverifiesexactlythegeomet-
ric propertieggivenby theuser unlikein [6, 7].

The algebraicreconstructiormethodfirst determinegSec-
tion 3.1) the linear constraints-referredto as “g eometric
constaints’- thatareimposedon the coordinateof the 3D
points by the geometricinformation. The setof feasible
coordinatess a vectorsubspacefor which a basisis com-
puted.

Then,the obsened 2D pointsimposeanothersetof lin-
ear constraints,“observationconstaints’, on the coordi-
natesandonthecamergositions(Section3.2). In thepres-
enceof noise,a least-squaresolutionis sought.

In the noiselesscase,and if the input data definesa
rigid reconstructionthe geometricandtheobsenationcon-
straintsareall simultaneouslyfeasible,andthe setof their

solutionsis a subspacef dimensionfour (Section3.3). If

this subspacés of greaterdimensionthis indicatesthatthe
input datais insufiicient to definearigid reconstructionlf

thereis noisein the obsenation, the rank is alteredand
this criterion cannotbe usedas-is. However, it is possi-
ble to generatea setof 3D pointsthatverify the geometric
constraintsandprojectthemin the imageplane,resulting
in a noiselesssetof obsenations;from these,one obtains
noiseles®bsenationconstraintsWe shav thattheoriginal

datasetdefinesa rigid reconstructiorif andonly if the set
of coordinateghat solve simultaneouslyhe geometricand
noiseles®bsenationconstraintss of dimensiorfour. This
criterionis insensitie to noise. In Section3.3, we give a
precisedefinitionfor a “rigid reconstruction”andthe cor-

respondingriteria.

In therestof this sectionthe notationsandassumptions
areintroducedandin Section2 the estimationof vanishing
pointsandcalibrationis presentedSection3 describeghe
algebraicreconstructiormethod. Section4 presentsome
experimentalresults: benchmarkingof the algorithmsis
doneusing syntheticdata,and resultsobtainedfrom real-
world imagesareshawn.

1.1 Definition of the input data

The input data consists in 2D pixel coordinates
, localizedin oneof imagesandge-
ometricinformationrepresentingnown geometricproper
ties of the 3D points and of the 3D dominantdirections.
This geometridnformationconsistsn :

Knownanglesandcoplanaritiesbetweerdominantdi-
rections.

Planarity information Subsetsof 2D points whose
correspondin@D pointsareknown to belongto a 3D



planeparallelto two of thedominantdirectionswhich
arealsogiven. Alignementinformationcanbe repre-
sentedby planarityinformation.

e Metric information Pairs of pairsof parallel planes
( ) and( ) andthe knowledgeof theratio
of the distancesetweentheseplanes. Eachplaneis
definedby a 2D point which it containsand by
two directions and paralleltoit.

e Oneknowswhatimageeachpoint  comesfrom.

1.2 Notationsand assumptions

The 3D points and dominantdirectionswill be writ-
ten ; and ; respectiely andidentified
with theircoordinatesn thebasis | o . Weassume
thefirst threedominantdirectionsareindependentso that
they form a basis. If aright trihedronis given, we assume
thatit is | o . Wecall ; the vanishing
points correspondingo the dominantdirectionsin image

number ;allthe neednotbeobsened.
Imagelinesarerepresentetly a vector . Thesetof
2D pointscontainedn thisline is 2

Theobsenationsareobtainedby perspectie prOJectlon

Assuming hasbeenobseredinimage ,onehas[3,1]:
12 1)
where is a scalefactor, is the matrix of intrinsic pa-

rameters, is the position of the camerain world coor

dinates. The error in the obsenations,theterms , are

supposedo be independentGaussiarandwith covariance
, for someunknaown

2 Vanishing points and calibration

We now shav how to estimatethe vanishingpoints of
somedominantdirectionsandpartialcameracalibration.

2.1 Vanishingpoint estimation

First, the geometricinformation is examinedto deter
mine, for eachdirection,setsof 2D pointsthatarethe pro-
jectionsof 3D pointson 3D lines parallelto thatdirection.
A maximumlik elihoodestimates computedor eachvan-
ishing point for which two or morelinesareavailable.

A vanishingpoint  canbe estimatedf, in image ,
the projectionsof at leasttwo 3D lines, parallelto , are
obsened. The 2D points are known to lie
on the projectionof a 3D line parallelto  if thereex-
ist two distinct planes,specifiedby the user that contain

the direction  and containthe points . Let
1 (1 ! (4 ) bethelists
of indicesof pointsin image thatbelongto the projection
of a 3D line parallelto . The maximumlikelihood esti-
mateof thevanishingpointis thepoint suchthatthereex-
istlines passinghrough thatminimizethefunc-
tion:

whered( ) is the euclideandistancebetweenthe line
andthe point . The searchfor the optimal is greatly
simplified by the factthat for all andall , theline
passinghrough thatminimizes ( ) is eithertheline
thatpasseshrough and /  (thecentroid

of the setof points),

to andpassingthrough .
functionof alone:

, ortheline orthogonal
Onethenhasto minimize a

min
1

This expressioncanbe further simplified for easycom-
putation. Its minimum is found using NelderMead opti-
mization[8] with multiple startingpoints.

2.2 Calibration

If thefirst threedominantdirectionsform a right trihe-
dronand hastheform

(@)

thenit is well known [1] that canbe estimatedrom the
vanishingpoints 1, 2 and , exceptin somepathological
cases.In this article, we only estimate andassumehat

2.3 Estimation of principal directions

It is clear that in the basisformed by the first three

dominantdirectionsthe coordinateof thesedirectionsare

2 and . The co-

ord|natesof the otherdominantdirection, i.e. thevectors
(if any) canthenbeestimatedy :

1



2.4 Summary of algorithm (I)

1. DeterminesomevanishingpointbyML estimatiorand
coplanarityconstraints.

2. If aright trihedronis given, Estimatecalibrationma-
trices . andleft-multiply the obsenations
thevanishingpoints by  !.

3 Algebraic reconstructionmethod

In this section,the algebraicreconstructiormethodis
presentedThreelinearsystemsareconsidered oneis built
fromthegeometrianformationanddetermineslinearsub-
spacein which the reconstructiorbelongs. The secondis
built from the obsened 2D featuresanddefinesthe recon-
struction. The third systemhasthe samestructureasthe
secondandits corankdetermineswvhetherthe reconstruc-
tion is uniqueup to scaleandtranslation.

3.1 Geometric constraints

We now shav how to expressthe geometryinformation
-coplanarityand metric information-as a linear systemof
equationson the coordinatesof the 3D points. We build
a basisfor the set(a subspacedpf coordinateghat verify
theseequalities.Examiningthis basis,onecheckswhether
theuserprovided coherengeometrianformation.

Planarity information If two points are known to
belongto a planeparallelto thedirections , onecaneas-
ily shaw thatthe coordinates verify :

( ) ( ) ®3)
Metric information If points( ) (resp.( )) lie on
apairof parallelplanes (resp. ) with normal

(resp. ) andoneknowstheratio of the distancedrom
to andfrom to ,alinearconstraintonthe coor
dinatesof points and canbefound:

( ) ( ) (4)

Notethattheratioof yover  ( )
is not invariantby affine transformationsunless
Thusit only makessenseto have if an Euclidean
reconstructionis sought. The normalsmay be specifiedas
the crossproductof two dominantdirections,or, if anEu-
clideanreconstructioris sought by adominantdirection.
Using all the equationg3) and(4) provided by the ge-
ometric information, one getsa systemof equationsthe
geometricconstaints:

(5)

where 1 is the vectorholding
all the pointcoordinates.
Wecall a matrix whosecolumnsform an

orthonormalbasisof the nullspaceof . All the solutions

to Eq. (5) areof theform

(6)

for some

Examining allows usto checkthe coherenceof the
geometridnformation: if  hasfull rank,or if somerows
of containonly zerosthegeometricconstraint®nly have
trivial solutions mostlik ely indicatinganinvalid geometric
information.

3.2 Observations constraints

A linear systemis now built from the 2D informa-
tion, thatconstrainghe coordinate®f thereconstructe@D
points. In the presenceof noisein the obsenations, this
systemmay have no exactsolutionof theform (5) andthe
reconstructions obtainedasa least-squaresolution.

Obsenation of a 2D point constrainghe corresponding
3D pointto lie on a 3D line. Not surprisingly from each
obsened 2D point , oneobtainstwo affine constraints
onthecoordinates

For eachobsenred point , projectionof , andeach
vanishingpoint of the basisdirections  (we omit theim-
agenumber ), onecanhbuild the 2D line containingboth
points:

This line is the projectionof the 3D line parallelto the th
basisvector and passingthrough . Of course,one has
, sothat,usingEg. (1), oneobtains:

(7)
where and aresuchthat . The
threelinear equationsEqg. (7) (onepervanishingpoint )
obtainedfor eachpoint form a systemof ranktwo.

By concatenatinghe equations(7) obtainedfor each
point, one obtains a linear systemof observationcon-
straints:

(8)

where 1 and and are and

matricesholdingthe coeficientsthatmultiply el-
ementsof and , respectiely. Sincethe geometricin-
formationconstrains to have theform of Eq. (6), Eq. (8)
canberewritten as:

(9)



3.3 Nature of the solution

In this sectionwe shav how the rank of a certainma-
trix indicateswhetherthe userprovided datathat definesa
uniquereconstructiorup to scaleandtranslation.

Definition: One saysthat a datasetdefinesa rigid re-
constructionif and only if there exist vectors

1 and - such
that,for all and thatverify Eqgs.(9), thereis a scale

factor andavector 1 suchthat:
( )
1 ( )
where is theindex of theimagein which
is obsened.
Here,the are“base” reconstructionsthe are

displacementbetweercamergpositionsand , ; arethe
arbitrarily choserscalefactorandpositionof thefirst cam-
era.

If thereis noisein the obsenations , Eq. (9) will
have no exact solution. For a noisy datasetpne definesa
rigid reconstructiorasfollows : assuminghe obsenations
areobtainedby Eq. (1), onesaysthatthe datasetlefinesa
rigid reconstructionf andonly if thenoiseles®bsenations
(Eq. (1) without the noiseterm ) definea rigid recon-
struction.PropertyB, below, saysthat, evenwithout know-
ing the noiselessobsenations, it is possibleto determine
whethera datasetlefinesarigid reconstruction.

Property A: In the absencef noise,thereis arigid re-
constructionif andonly if the matrix hascorank

equalto four. We do not give herea proofof this statement.

If thereis noisein the obsenations , therankof the
matrix will be alteredandone cannotusethe cri-
teriongivenabove.

However, onecanbuild matrices and suchthatthere

is arigid reconstructionf andonly if hascorank

four. We call the “twin matrix” of . This

matrix is obtainedn thefollowing way : onegeneratesan-
domly a vector whoseelementsare all distinct,
anddistinctvectors . Onedefines and
then produces,using Eq. (1), noiselessobservations
the projectionsof the 3D points . Finally, from these
2D points,onebuildsthematrices and in thesameway
that and wereobtainedfrom the

Property B: Thereis arigid reconstructionf andonly if
the“twin matrix” hascorankequalto four. We do
notgive herea proof of this statement.

Note that this criterionis not influencedat all by noise
in the obsenationsor in the vanishingpoints.

3.4 Computing a solution

We assumehe twin matrix hascorankfour. The space
of solutionsto Eq. (9) would have dimensionfour in the
absencef noise.In the presenc®f noise,we approximate
this spaceby :

wherethe columnsof  arethe right singularvectorsof
correspondingo thesmallestingularvalues.lt is
oftenmorecorvenientto representhe solutionspaceoy :

1
2

where 1 o and ; shave and
respectiely (correspondingo and ).

Obtaininga particularsolutioncanbe doneby imposing
four additionalconstraintso  and/or , for exampleby
fixing the centerof massof the sceneandits scale.

rows

3.5 Summary of algorithm (Il)

1. Build thematrix  from the vanishingpoints  and
geometricinformation; computea basis for the
nullspaceof , checkthatit containsonly non-zero
points(stopotherwise).

2. Build thematrices and
andthe obsenations

from the vanishingpoints

3. Build the twin matrix Verify that it has
corankequalto four (stopotherwise).

4. Computea basisfor the spaceof solutionsanda par
ticular solutionusingotherconstraints.

4 Experimental results
4.1 Sensitvity to noise

We studythe effect of noiseon thealgebraiceconstruc-
tion method-for Euclideanreconstructionpn the estima-
tion of vanishingpointsandon the calibrationprocessUs-
ing syntheticdata,with varying noiselevel, we study the
errorin theresultingreconstructionsA very wide rangeof
noiselevelsis covered.

The “house” objectshavn in Figure?2 (left), consisting
of tenpoints,is used.It’s coordinatesareall within thein-
terval . Fivedirections,"z”, “X”, “Y”, “U” and“V”



are present.the last four beingcoplanar Nine planesare
identified. The objectis rotatedrandomlyandobsenedby
perspectteprojectionthematrix  in Eq.(1)is of theform
(2) where , thefocal length,is generatedandomlywith a
uniform densityprobability functionin -notanun-
commonvalueif pixel coordinaterave beennormalizedto

. Theprincipalpoint is likewisetakento be
uniformly distributedin .

Noise is addedto theseobsenations with amplitudes
varyingfrom 25dB (6% error: thestandardleviation of the
erroris 0.06timesthat of the obsenations)to 60dB (0.1%
error). In real-world situationswe believe the noiselevels
arein therange0.3-1%(40-50dB).

The vanishing points are estimatedand calibration is
obtainedfrom the dominantdirections“X”, “Y” and“Z".
Then,thealgebraiceconstructioimethodis usedto obtain
thereconstructionin threedifferentcases

1. Using the maximumlik elihood vanishingpoints and
focallengthestimatedsin [1].

2. Using the maximumlik elihood vanishingpoints and
thetrue calibrationmatrix

3. Usingthetruevanishingpointsandcalibrationmatrix.

This experimentwasrepeated0 times. The error between
thetrueandestimatecharameteraremeasured.

Vanishing points and calibration Figure 2 (middle)
shawvs the meanabsoluteerror, measuredn degreesin the
estimatedvanishingpoints. The smoothcurve shows the
errorin thevanishingpointsestimatedrom two lines (“U”
and“V” axes)andthedashecturve is for vanishingpoints
estimatedrom four (*Y",“Z") orfive (“X") lines.

Algebraic reconstruction The smoothcurvein Figure2
(right) shavsthemeanerrorof thereconstructioralgorithm
whenthetruevanishingpointsandcalibrationaregiven;the
dashedcurve is for estimatedvanishingpointsandknown
calibration,andthe dottedcurve is for estimatedsanishing
pointsandcalibration.

For valuesthat are commonin practice,between0.3%
and 1% the error level is seento be very reasonable .For
higher noiselevels, the error increasespproximatelylin-
early, shaving therobustnes®f thealgorithm.

4.2 Real-world data

Figurel shavsontheleft areal-world imageandonthe
right the reconstructiorobtainedfrom it. Fifty nine (59)
pointsand50 planesandnineratiosof lengthsweregiven.
The matrix  has57 columns. If onereprojectsthe esti-
mated3D pointsin the image,the noiselevel with respect
to theobsenedpointsis 29.5dB.

Figure 3 shawvs two indoor imagestaken from approxi-
matelythe samepoint, butin more-orlessperpendiculadi-
rections.Theinput consistdn 61 points,35 planesandone
known ratio of lengths: thedistancerom the pointmarked
“A” in thefirst imageto that marked“A-prime” in the sec-
ondimageis equalto thatfrom point “B” (first image)to
point “B-prime” secondimage. No 3D point is visible in
bothimages.The errorlevel of reprojectecpointswith re-
spectto obseredpointsis 42.9dB.

Figure 4 (left,middle) shawvs two outdoorsimage with
someoverlap. Seventy-two (24 in thefirstimage,48in the
secondpointsand21 planesvereidentified. In orderto ob-
tain arigid reconstructionit is necessaryo usemetricin-
formation: oneassumeshatthespikesontheleft andmid-
dle wall stick out by the sameamount.Without this knowl-
edge,therelative scaleof the spikesandof the restof the
scenavould be undeterminedFigure4 (bottom)shavsthe
reconstruction. The error level of reprojectedpoints with
respecto obsenedpointsis 46.6dB.

5 Conclusionsand futur e work

We have presented methodfor 3D reconstructiorfrom
one or more views that checkswhetherthe input datais
coherentand sufiicient to definea rigid reconstruction.It
could e.g. addversatility to an easy-to-usénteractive re-
constructiorsystemsuchas|2, 5, 7].

It allows reconstructiorfrom mary images(like [6], but
onedoesnot needto track pointsacrosimagegSec.4.2)).
We have shovn thatusingmetricinformationincreaseshe
versatility: we believe noneof the presentedeal-world re-
sultscouldbe obtainedusingotherpublishedmethods.

Also, we have presentedand benchmarkd a method
for computingmaximumlik elihoodestimatef vanishing
points.

Therearemary prospectdor future development one
could include constraintson  in the geometricinforma-
tion; maximumlik elihood estimationof the reconstruction
hasalsobeenimplementedn the presentedramenork.

Credits: This work hasbeensupportedoy grantsPRAXIS /
BD / 19594/ 99 and project CameraEC FTMP Network ERB
FMRX-CT97-0127.
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