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Abstract

Structure and motionfrom minimal data is essentialto
bootstrap robust methodsbasedon randomsamplingsuch
as RANSAC or LMS. Let us consider the af�ne camera
modelandmake thehypothesesof zero skew andunity as-
pect ratio. In this case, at least4 points in 3 imagesare
necessaryto recover structure and motion. We proposea
parametrizationbasedonmetricstructureratherthancam-
era motion parameters which havebeenpreviously used.
Thestructureof4 pointsiscomputedin closed-formbysolv-
ing a quadratic equation.Unstablecon�gurationsare also
investigated.Experimentalresultson simulateddata and
real imagesdemonstratethat our algorithmallowsfastes-
timationwhenincludedin a robustestimationprocess.
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1 Intr oduction

Obtaining3D structureandmotion from imagefeature
correspondencesonly is a fundamentaltask in computer
vision. Particularly, reconstructing3D points or estimat-
ing relative cameramotionsfrom minimal data is of pri-
mary importancefor variousnumericalestimationproce-
duressuch as robust algorithms. In this paper, we pro-
poseanalgorithmto obtainmetricreconstructionfromthree
af�ne imageswith the minimum of four point correspon-
dences.While structureandmotion from two af�ne views
is ambiguous,it becomespossiblewhenthreeor moreare
available.For thatreason,this topichasbeenstudiedin the
caseof point [8, 7] or line [1] features.A calibratedaf�ne
cameramaybemodeledby eitherorthographic,weakper-
spectiveor para-perspectiveprojection[4].

In this paper, a polynomial formulation of this min-
imal reconstructionproblem is proposedbasedon a di-
rectparametrizationof themetricstructureof a setof four
points.Usingtoolsfrom algebraicgeometry, a closed-form
solutionto reconstructionandunstablecasesareall givenin
thesameframework. Themainadvantageof themethodis
that it givesdirectly stablestructureby solvinga quadratic

equationratherthanthe lesswell-de�ned motion parame-
ters.

Thepaperis organizedasfollow. Section2 summarizes
theaf�ne cameramodel.Section3 formulatestheproblem
in termsof a polynomialsystem.Experimentalresultson
simulatedandrealdataarerespectively givenin sections4
and5.

2 The af�ne cameramodel

Thegeneralperspectivecameramodelis describedby a
3 � 4 matrix. Considera point M � (X ; Y; Z; T)T of the
projective space,expressedin homogeneouscoordinates.
Its projectionm � (x; y; z)T on theimage(consideredasa
projectiveplane)is givenby theformula:
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where� means“equalup to scale”. In this paper, we deal
with the af�ne cameramodel. This meansthat points at
in�nity in 3D spaceareprojectedto pointsat in�nity in the
image.This impliesthat:

p3;1 = p3;2 = p3;3 = 0:

Theprojectionequationcanthenbereducedto:
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Notethat this is now a strict equality. Usingdecompostion
QR[5]:
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whereR is a rotation, � is a scalefactor, � is the aspect
ratio,and� is theskew factor. Cameracalibrationis equiv-
alentto theknowledgeof � , � and� . If � and� areknown,
we canperforma changeof imagecoordinatesso that the
projectionwrites:

�
u
v

�
= �

�
RT

1
RT

2

�
0

@
X
Y
Z

1

A ; (2)

whereRT
1 andRT

2 aretwo rowsof a 3 � 3 rotationmatrix.
In practice,weassume� = 0 and� = 1. Theseassumptions
arevalid for mostmoderncameras.

3 Metric reconstruction

3.1 Problemformulation

Let us considerthree af�ne cameras,eachone repre-
sentedby its projectionmatrix:

P i = � i
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;

wherei 2 f 1; 2; 3g. For eachcamerai , we cande�ne an
arbritrary planePi , which representsits focal plane(the
planewhere3D pointsareorthogonallyprojected).These
planesare de�ned up to a translation. We expressedthe
recoveredstructureand motion in the �rst cameraframe,
which impliesP 1 = (I 2j02).

The minimal con�guration. Let us count the number
of degreesof freedomof theproblem.The�rst cameramay
be �x edarbitrarily, andfor eachadditionnalcamera,6 ad-
ditionnald.o.f. correspondingto a 3 d.o.f. rotationanda 2
d.o.f. translation(translationis meaningfulonly parallelto
theimageplane),anda 1 d.o.f. scalefactor. Next, we con-
siderthenumberof constraintsthatmight begivenby each
correspondingpoints: eachpoint gives6 constraintsand3
unknowns. Theproblemwith 3 camerasandn pointsmay
havea solutionif andonly if

3n + 6 � (3 � 1) � 6 � n:

This impliesthatweneedat least4 pointsto solvetheprob-
lemwith 3 cameras.This is theminimalcon�guration.

3.2 Solving the Problem

The fundamental equation. Now, for eachpoint M in
space,we denote� i (M ), the distancebetweenM andP i .
Thenfor eachpair (M p; M q) of pointsin space,andfor the
i -th camera,usingthePythagoretheorem,we have:
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Figure 1. Deriving equation (3)

j� i (M p) � � i (M q)j2 + � 2
i km i

p � m i
qk2 = kM pM qk2;(3)

wherem i
p = P i M p, andm i

q = P i M q (see�gure 1). This
equationhave interestingproperties.

For our reconstructionproblem, the calibrationof the
camerais known sothatP i couldbewritten asin (2). The
coordinatesof correspondingpoints in imagesareknown.
Only thedistanceskm i

p � m i
qk areknown.

Eliminating scalefactors. It is clear that the problem
is de�ned up to a globalscalingfactor, i.e. multiplying all
distancesby any non-zeroconstantdoesnot changethe3D
structure,� 1 canthereforebe�x edto unity. Using4 corre-
spondingpoints,theaf�ne fundamentalmatrixcanbecom-
puted[6] betweencameras1 and i , for eachi 6= 1. The
scalefactors� i canalsobe computedfrom theaf�ne fun-
damentalmatricesasgivenin [6].

Reduction of the fundamental equation. For simplic-
ity, we introducethefollowing notations:

� i;p;q = � 2
i km i

p � m i
qk2

X p = � 1(M p)
Yp = � 2(M p)
Zp = � 3(M p):

Equation(3) is thenrewrittenas:

(X p � X q)2 + � 1;p;q = kM pM qk2

(Yp � Yq)2 + � 2;p;q = kM pM qk2

(Zp � Zq)2 + � 3;p;q = kM pM qk2:

Writing the above equationsfor camerasi andj , (i 6= j ),
andsubstractingthem,we obtain:

(X p � X q)2 + � 1;p;q = (Yp � Yq)2 + � 2;p;q

(X p � X q)2 + � 1;p;q = (Zp � Zq)2 + � 3;p;q :
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RememberingthatX p, Yp, Zp arede�ned up to thechoice
of anarbitraryplanePi , thenup to a translation,wecanset
X 0 = Y0 = Z0 = 0.

Considera systemgiven by 4 points in 3 images,it is
describedby thefollowing polynomials:

P1;2 = X 2
1 � Y 2

1 + k1;2

P1;3 = X 2
2 � Y 2

2 + k1;3

P1;4 = X 2
3 � Y 2

3 + k1;4

P2;3 = (X 1 � X 2)2 � (Y1 � Y2)2 + k2;3

P2;4 = (X 1 � X 3)2 � (Y1 � Y3)2 + k2;4

P3;4 = (X 2 � X 3)2 � (Y2 � Y3)2 + k3;4

Q1;2 = X 2
1 � Z 2

1 + l1;2

Q1;3 = X 2
2 � Z 2

2 + l1;3

Q1;4 = X 2
3 � Z 2

3 + l1;4

Q2;3 = (X 1 � X 2)2 � (Z1 � Z2)2 + l2;3

Q2;4 = (X 1 � X 3)2 � (Z1 � Z3)2 + l2;4

Q3;4 = (X 2 � X 3)2 � (Z2 � Z3)2 + l3;4; (4)

where:

ki;j = � 1;i � 1;j � 1 � � 2;i � 1;j � 1;

l i;j = � 1;i � 1;j � 1 � � 3;i � 1;j � 1:

Thegoalis to computeX i , Yj andZk from ki;j andl i;j .
We �rst look at unstablecasesfor which small errorson
the input datamay give unreasonablylarge errorson the
solution.We �nally givea completealgorithmfor structure
andmotionrecovery.

3.3 Instability Conditions

To studytheunstablecases,we introducea new polyno-
mial systemobtainedwith pertubatedmeasurementcoef�-
cientski;j andl i;j :

kmeas
i;j = ki;j + � ki;j

lmeas
i;j = l i;j + � l i;j :

Let thenew solutioncorrespondingto thesepertubatedmea-
surementsbe:

X meas
i = X i + � X i

Y meas
i = Yi + � Yi

Z meas
i = Z i + � Z i :

AssumeX i , Yi , Z i arethetruesolutionof theoriginal sys-
tem,afterafew algebraicmanipulations,thepertubatedsys-
temcanbereducedin matrix form to:
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The matrix N hasentrieslinear in X i , Yj , Zk and" is a
vectorwhosecoef�cients arelinear in � ki;j and� l i;j . Un-
stablecasesoccurwhenN is singular, i.e. thedeterminant
of N vanishes.In this case,small changesin � K induce
large variationsin � X . After expansionandfactorisation,
weobtain:

det(N ) = 64(Z2Y1� Y2Z1)(Z2X 1� X 2Z1)(Y2X 1� Y1X 2):

The unstablecon�gurationsmay thenbe geometrically
interpretedasthefollowing two cases:

� thethreecameraplanesarelinearlydependent(i.e. the
threeprojectionplanesin spacedo not intersectin a
commonpoint);

� all planesformedby any threespacepoints intersect
any imageplanein a line parallel to the intersection
linesof thecameraplanes.

This canbe easilyprovedby assumingthat i k is a unit
vectorotrthogonalto theplanePk with k 2 f 1; 2; 3g.

We �rst examinethecasewherethethreevectorsi k are
linearly dependent.This is equivalent to the caseof two
images.Thethird imagecanbededucedfrom thetwo �rst
ones.

Thesecondcaseis whenthethreevectorsi k arelinearly
independent.As thevectorsf i 1; i2; i3g canbede�nedasan
orthogonalbasis,it is clear that pointsM 0, M 1, M 2 have
(0; 0; 0), (X 1; Y1; Z1), (X 2; Y2; Z2) ascoordinatesin this
basis.Theinstabilityconditiondet(M ) = 0 is thenequiva-
lent to thefactthatthereexistsk 2 f 1; : : : ; 3g suchthatthe
projectionof M 0M 1 andM 0M 2 onPk arecollinear.

3.4 Structur eand Motion Algorithm

The completeStructureandmotion algorithmcannow
bedescribedasfollows. Thekey ideais to usepolynomial
resultants[2] to reducethesystemto anunivariatepolyno-
mial:

1. Computation of the coef�cients. Computethescale
factorswith theaf�ne fundamentalmatrices[6]. Ob-
tain thecoef�cients ki;j andl i;j .
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2. Elimination of the unknowns. Computesymboli-
cally the resultantR1 of P1;2 andP2;3 in Y1. Com-
putesymbolicallythe resultantR2 of R1 andP1;3 in
Y2. SetR1;2 =

p
R2 (R2 is a squaredpolynomial).

Computeformally theresultantS1 of Q1;2 andQ2;3 in
Z1. Computeformally theresultantS2 of S1 andQ1;3

in Z2. SetS1;2 =
p

S2 (S2 is a squaredpolynomial).
Computeformally the resultantT of R1;2 andS1;2 in
X 2.

Finally, we obtainthepolynomialT which is anunivariate
polynomialof degree2 in X 2

1 . T = 0 canbeeasilysolved
in closed-form.

Thealgorithmgivesdirectlythe3D coordinatesof points
in space,theprojectionmatricescanthenbecomputedfrom
them.

4 Experimental results

4.1 Maximum Lik elihoodEstimation

Themethoddescribedin this paperis minimal, in other
words,thereis nocostfunctionandtheresultsobtainedare
exact, dependingonly on input data. However, our algo-
rithm involved solving a polynomial of degree2 as well
as a set of linear equations,which might inducenumeri-
cal instabilities.For thatpurpose,we devisetheMaximum
LikelihoodEstimator(MLE), for furtherre�ning theprevi-
ouslycomputedsolution.In moredetail,it consistsin min-
imizing the Root MeanSquaresof the reprojectionresid-
ualsusinganadequatparameterizationof cameramatrices
andscenepoints.Let usdenotethesetof parametersas� .
This setcontains12 motion parameterswhich aretwo ro-
tationsandtranslationsand3n structureparameters,where
n is thenumberof pointsconsidered.Cameramatricesare
formedaccordingto equations(1). TheMLE is thengiven
by argmin � C(�) wherethecostfunctionis de�ned as:

C(�) =
i =3X

i =1

j = nX

j =1

d2(m i
j ; m̂ i

j );

whered2(:; :) denotesthesquaredMetric distancein theim-
age,m i

j denotespointsmeasuredin theimagesandm̂ i
j de-

notesthereprojectedpoints.Theoptimizationis conducted
usingtheLevenberg-Marquardtmethod[3].

We insist on the fact that, theoretically, both results
shouldbe the same. Comparingthe solutionprovided by
our algorithmandtheMaximumLikelihoodEstimatorwill
only tells usaboutthenumericalstability of thealgorithm.
TheMLE is equivalentto bundleadjustment.
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Figure 2. The median of the errors with diff er­
ent noise levels on sim ulated data.

4.2 Simulateddata

Minimal data. Thesimulationprotocolis setup asfol-
lows. We chooseat random3 af�ne cameras,andfour 3D
points.We thencomputetheprojections,andaddnoiseon
them. With the projectionswe cancomputethe 3D struc-
ture,whichcanbecomparedto theoriginalpointsin space.
This givesus onepossibleevaluationof reconstructioner-
rors. This experimentis repeated100 timeswith different
noiselevelsfrom 0 to 10pixels.Figure2 showstheresults.
We canobservethattheerroris approximatelylinearin the
addednoiselevel.

RANSAC Estimation. Wenow take1573D pointsfrom
a calibrationobject(Figure4). We projectthemwith com-
putedprojections,andthenaddsomenoiseon theobtained
images.Then,wecomputeasolutionwith RANSAC. First,
we comparethe resultsof the methodwith thoseobtained
aftera bundleadjustementon themotioncomputation.The
bundleadjustmentis madewith the datacomputedby the
method.Next, we do thesamebut thebundleadjustement
is on structureandmotion insteadof only motion. There-
sults illustratedin Figure3 show that the obtainedresults
arealmostasgoodastheoptimalsolutionsfrom bundlead-
justements.

4.3 Real images

Target images. We carried out recontructionexperi-
mentsfrom imagesof a target. With an appropriatesoft-
ware,we matchpoints (thereareno outliers in thoseim-
ages). The structureof the target givesus the af�ne cali-
brationof thecamera(We have seenthatbetweenthethree
imagesthecalibrationchangesof lessthan0.5%). Thetar-
getis anobjectcomposedof threeplanes,two pairsof them
forming a right angle(�gure 4). At �rst we have seenthat
theaveragereprojectionerroris lessthan0.5pixel.
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Figure 3. The two �r st graphs give a comparison between the new method follo wed by a bundle
adjustement on motion parameter s. The two next graphs give a comparison between the new
method follo wed by a bundle adjustement on motion and structure . Note that the two �r st cur ves
are undistinguishab les.

Figure 4. Three images of the target.

Figure 5. The two right angles of the recon­
structed target.

In fact, becausethe reconstructionis Metric we expect
to seetheright anglesbetweentheplanesin thereconstruc-
tion. Figure5 showsthetwo topviewsof theseangles.

House images. We have testedthe algorithm on the
houseimagesequence.We took threeimagesof a house,
detectpointsof interestwith theHarrisdetector, matchthem
with cross-correlationbetweenadjacentimagesandtriplet
registration,see�gure 6. We canseethat thereis a lot of
badmatches.We �rst detectthe outlierswith a RANSAC
method,soasto eliminatethem.Next, wecomputeamodel

Figure 7. The house with matc hed points.

thatminimizesthereprojectionerrorover100trials. For the
model,see�gure 7.

5 Conclusion

We have presenteda methodfor Metric reconstruction
from calibratedaf�ne cameras. The methodworks with
minimal data,i.e. 4 points in 3 images. The stuctureof
4 points in spaceis computedin closed-formrather than
the motion parametersusedby otherresearchers.We also
studiedthe instability of minimal reconstruction.Experi-
mentalresultsshow that themethodis stable.Anotherim-
portantpoint is that the methodis fastas it needsonly to
solve a polynomialof degree2. As a comparison,bundle
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Figure 6. The house with matc hed points.

adjustementtakesat least50 timesmore,to optimizeover
themotion,and1000timesmoreto optimizeover motion
andstructure.
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