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Abstract

Structue and motionfrom minimal data is essentiato
bootstap robust methodsbasedon randomsamplingsud
as RANSA or LMS. Let us considerthe afne camern
modeland male the hypothesesf zeio skew and unity as-
pectratio. In this case at least4 pointsin 3 imagesare
necessaryto recover structue and motion. e proposea
parametrizatiorbasedon metricstructure ratherthancam-
era motion parametes which have beenpreviously used.
Thestructure of 4 pointsis computedn closed-fornby solv-
ing a quadratic equation.Unstablecon gurationsare also
investigated. Experimentalresultson simulateddata and
real imagesdemonstate that our algorithmallows fastes-
timationwhenincludedin a robustestimationprocess.
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1 Intr oduction

Obtaining3D structureand motion from imagefeature
correspondencesnly is a fundamentalttask in computer
vision. Particularly, reconstructing8D points or estimat-
ing relatve cameramotionsfrom minimal datais of pri-
mary importancefor various numericalestimationproce-
duressuch as robust algorithms. In this paper we pro-
poseanalgorithmto obtainmetricreconstructioriromthree
afne imageswith the minimum of four point correspon-
dences.While structureand motion from two af ne views
is ambiguousijt becomegossiblewhenthreeor moreare
available.For thatreasonthis topic hasbeenstudiedin the
caseof point[8, 7] or line [1] features.A calibratedaf ne
cameramay be modeledby eitherorthographicweakper
spectve or para-perspeate projection[4].

In this paper a polynomial formulation of this min-
imal reconstructionproblem is proposedbasedon a di-
rectparametrizatiorof the metric structureof a setof four
points.Usingtoolsfrom algebraicgeometrya closed-form
solutionto reconstructiomndunstablecasesreall givenin
the sameframawvork. The mainadwantageof the methodis
thatit givesdirectly stablestructureby solving a quadratic

equationratherthanthe lesswell-de ned motion parame-
ters.

The paperis organizedasfollow. Section2 summarizes
theafne cameramodel. Section3 formulatesthe problem
in termsof a polynomial system. Experimentakesultson
simulatedandreal dataarerespectiely givenin sections4
and5.

2 The af ne cameramodel

The generalperspectie cameramodelis describedy a
3 4 matrix. ConsiderapointM  (X;Y;Z;T)T of the
projective space,expressedn homogeneousoordinates.
Its projectionm  (x;y;z)" ontheimage(consideredsa
projective plane)is givenby the formula:
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where means'equalupto scale”. In this paper we deal
with the afne cameramodel. This meansthat points at

in nity in 3D spaceareprojectedo pointsatin nity in the
image.Thisimpliesthat:

P3:1 = P32 = P3;3 = 0

The projectionequationcanthenbereducedo:
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Notethatthis is now a strict equality Usingdecompostion
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whereR is arotation, is a scalefactor is the aspect
ratio,and is the skew factor Cameracalibrationis equiv-

alentto theknowledgeof , and . If and areknown,

we canperforma changeof imagecoordinateso thatthe

projectionwrites:
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whereR] andR] aretworowsofa3 3 rotationmatrix.
In practiceweassume = Oand = 1. Theseassumptions
arevalid for mostmoderncameras.

3 Metric reconstruction
3.1 Problemformulation

Let us considerthree af ne camerasgeachone repre-

sentedy its projectionmatrix:
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wherei 2 f1,;2;3g. For eachcamerai, we cande ne an
arbritrary plane P;, which representsts focal plane (the
planewhere3D pointsare orthogonallyprojected). These
planesare de ned up to a translation. We expressedhe
recoveredstructureand motion in the rst cameraframe,
whichimpliesP 1 = (12j02).

The minimal con guration. Let us countthe number
of degreesof freedomof theproblem.The rst cameramay
be x edarbitrarily, andfor eachadditionnalcamera6 ad-
ditionnald.o.f. correspondindo a 3 d.o.f. rotationanda 2
d.o.f. translation(translationis meaningfulonly parallelto
theimageplane),anda 1 d.o.f. scalefactor Next, we con-
siderthe numberof constraintgshatmight be givenby each
correspondingoints: eachpoint gives6 constraintsand 3
unknowns. The problemwith 3 camerasandn pointsmay
have a solutionif andonly if

3n+6 (3 1) 6 n:

Thisimpliesthatwe needatleast4 pointsto solve the prob-
lemwith 3 camerasThisis the minimal con guration.

3.2 Solvingthe Problem

The fundamental equation. Now, for eachpointM in
spacewe denote ; (M), the distancebetweenM andP;.
Thenfor eachpair (M ,; M) of pointsin spaceandfor the
i-th camerausingthe Pythagorg¢heoremwe have:
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Figure 1. Deriving equation (3)
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wherem;, = P;M, andm}, = P;M (see gure 1). This
equationhave interestingproperties.

i(M)j? + izkmip = kMpMqk?;(3)

For our reconstructionproblem, the calibration of the
cameras known sothatP; couldbewritten asin (2). The
coordinateof correspondingpointsin imagesare known.
Only thedistance&m;,  myk areknown.

Eliminating scalefactors. It is clearthatthe problem
is de ned up to a globalscalingfactor, i.e. multiplying all
distancesy ary non-zeraconstantdoesnotchangethe 3D
structure, ; canthereforebe x edto unity. Using4 corre-
spondingpoints,theaf ne fundamentamatrix canbecom-
puted[6] betweencamerasl andi, for eachi 6 1. The
scalefactors ; canalsobe computedirom the af ne fun-
damentamatricesasgivenin [6].

Reduction of the fundamental equation. For simplic-
ity, we introducethefollowing notations

g = (kmp  mgk?
Xp = 1(Myp)
Yo = 2(Mp)
Equation(3) is thenrewritten as:
(Xp  Xa)®+ 1pq kM pM gk
(Yo Ya)?+ 2pq = kMpMgk?
(Zp Zg)*+ spg = kMpMgk™:

Writing the above equationsfor cameras andj, (i 6 j),
andsubstractinghem,we obtain:

Xp Xq)2+ g = (Yp
Xp X@)*+ 1pq = (Zp
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RememberinghatX , Yy, Z, arede ned up to the choice
of anarbitraryplaneP;, thenupto atranslationwe canset
Xo = Yo = Zo =0.

Considera systemgiven by 4 pointsin 3 images,it is
describedy thefollowing polynomials:

Pio = X2 Y2+ ko

Piz = X3 YZ2+Kus

Pra = X3 Y&+ Kua

Pas = (X1 X2)° (Y1 Y2)?+ ko3
Paa = (X1 X3 (Y1 Y3)?+ koa
Psa = (X2 X3)® (Y2 Ya)®+ ksa
Q2 = XZ Zi+ly

Qus = X3 Zi+ly3

Qua = X5 Z5+ 14

Qas = (X1 X2)® (Z1 Z2)*+ a3
Qza = (X1 Xz)? (Zi1 Z3)*+ a4
Qas = (X2 X3)® (Z2 Z3)’+lsa; (4

where:
Kij = 41 1 2 1 1

iy = i1y o1 3o 1

Thegoalis to computeX;, Y; andZy fromk;; andl;; .
We rst look at unstablecasesfor which small errorson
the input datamay give unreasonablyarge errorson the
solution.We nally give acompletealgorithmfor structure
andmotionrecovery.

3.3 Instability Conditions
To studythe unstablecaseswe introducea new polyno-

mial systemobtainedwith pertubatedneasurementoef-
cientsk;j andl;; :
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Kkl

Kij +  kij

lij + i
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i

Letthenew solutioncorrespondingp thesepertubatednea-
surementde:

X imeas = X i + X i
Yimeas — YI + Yi
Zimeas = Zi+ Z:

AssumeX, Yj, Z; arethetrue solutionof theoriginal sys-
tem,afterafew algebraiananipulationsthepertubatedys-
temcanbereducedn matrix form to:

K=NX+"
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The matrix N hasentrieslinearin X;, Yj, Zx and" is a
vectorwhosecoefcients arelinearin ki; and li; . Un-
stablecasesoccurwhenN is singular i.e. the determinant
of N vanishes.In this case,small changesn K induce
large variationsin X . After expansionandfactorisation,
we obtain:

det(N) = 64(Z2Y1 Y2Z1)(Z2X1 X2Z1)(Y2X1 Y1X3):

The unstablecon gurationsmay then be geometrically
interpretedasthefollowing two cases:

thethreecamerglanesarelinearly dependenti.e. the
threeprojectionplanesin spacedo not intersectin a
commonpoint);

all planesformedby any threespacepointsintersect
ary imageplanein a line parallelto the intersection
linesof thecamergplanes.

This canbe easily proved by assuminghatiy is a unit
vectorotrthogonalto the planePy with k 2 f1; 2; 3g.

We rst examinethe casewherethethreevectorsiy are
linearly dependent.This is equivalentto the caseof two
images.Thethird imagecanbe deducedrom thetwo rst
ones.

Thesecondcases whenthethreevectorsiy arelinearly
independentAs thevectorsfis;i,; izg canbede nedasan
orthogonalbasis,it is clearthatpointsMq, M1, M, have
(0;0;0), (X1;Y1;Z1), (X2;Y2;Z,) ascoordinatesn this
basis.Theinstability conditiondet(M ) = 0is thenequva-

projectionof M oM ; andM oM , on Py arecollinear
3.4 Structureand Motion Algorithm

The completeStructureand motion algorithm can now
be describedasfollows. The key ideais to usepolynomial
resultantd?] to reducethe systemto an univariatepolyno-
mial:

1. Computation of the coef cients. Computethe scale
factorswith the af ne fundamentamatriceg[6]. Ob-
tainthecoefcients kj; andl;; .



2. Elimination of the unknowns. Computesymboli-
cally theresultantR, of P1.» andP3.3 in Y;. Com-
putesymbolical%the resultantR, of R; andPq.3 in
Y,. SetR1.2 = ° Rz (Ry is a squaredpolynomial).
Computeformally theresultantS; of Q1.2 andQa.3 in
Z1. Computa‘ormBIIy theresultantS, of S; andQ1.3
inZy. SetS1.2 = Sz (S is asquaredpolynomial).
Computeformally the resultantT of R1., andS;.2 in
Xo.

Finally, we obtainthe polynomial T which is anunivariate
polynomialof degree2in X 2. T = 0 canbeeasilysolved
in closed-form.

Thealgorithmgivesdirectlythe3D coordinate®f points
in spacetheprojectionmatricescanthenbecomputedrom
them.

4 Experimental results
4.1 Maximum Lik elihood Estimation

The methoddescribedn this paperis minimal, in other
words,thereis no costfunctionandtheresultsobtainedare
exact, dependingonly on input data. However, our algo-
rithm involved solving a polynomial of degree 2 as well
asa setof linear equationswhich might induce numeri-
cal instabilities. For that purposewe devise the Maximum
LikelihoodEstimator(MLE), for furtherre ning the previ-
ouslycomputedsolution. In moredetail,it consistan min-
imizing the Root Mean Squaresf the reprojectionresid-
ualsusingan adequaparameterizatioof cameramatrices
andscenepoints. Let usdenotethe setof parameterss
This setcontains12 motion parametersvhich aretwo ro-
tationsandtranslationsand3n structureparametersyhere
n is the numberof pointsconsidered Cameramatricesare
formedaccordingto equationg1). The MLE is thengiven
byargmin C() wherethecostfunctionis de ned as:

kaxn
o) =" d(mim);

i=1 j=1

whered?(:; ;) denoteshesquaredVetric distancen theim-
age,m! denotepointsmeasuredn theimagesandrh! de-
notesthereprojectegoints. The optimizationis conducted
usingthe Levenbeg-Marquardimethod[3].

We insist on the fact that, theoretically both results
shouldbe the same. Comparingthe solution provided by
our algorithmandthe MaximumLik elihood Estimatorwill
only tells us aboutthe numericalstability of the algorithm.
TheMLE is equialentto bundleadjustment.
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Figure 2. The median of the errors with diff er-
ent noise levels on simulated data.

4.2 Simulated data

Minimal data. Thesimulationprotocolis setup asfol-
lows. We chooseat random3 af ne camerasandfour 3D
points. We thencomputethe projections,andaddnoiseon
them. With the projectionswe cancomputethe 3D struc-
ture,which canbe comparedo theoriginal pointsin space.
This givesus one possibleevaluationof reconstructiorer-
rors. This experimentis repeatedLO0 timeswith different
noiselevelsfrom 0 to 10 pixels. Figure2 shavstheresults.
We canobsenethattheerroris approximatelyinearin the
addednoiselevel.

RANSAC Estimation. We now take 1573D pointsfrom
a calibrationobject(Figure4). We projectthemwith com-
putedprojectionsandthenaddsomenoiseon the obtained
images.Then,we computeasolutionwith RANSAC. First,
we comparethe resultsof the methodwith thoseobtained
aftera bundleadjustementn the motioncomputation.The
bundle adjustmenis madewith the datacomputedby the
method. Next, we do the samebut the bundleadjustement
is on structureand motion insteadof only motion. There-
sultsillustratedin Figure 3 showv that the obtainedresults
arealmostasgoodastheoptimalsolutionsfrom bundlead-
justements.

4.3 Realimages

Target images. We carried out recontructionexperi-
mentsfrom imagesof a target. With an appropriatesoft-
ware, we matchpoints (thereare no outliersin thoseim-
ages). The structureof the target givesus the af ne cali-
brationof the cameraWe have seenthatbetweerthethree
imagesthe calibrationchangeof lessthan0.5%). Thetar
getis anobjectcomposef threeplanesiwo pairsof them
forming aright angle( gure 4). At rst we have seenthat
theaveragereprojectiorerroris lessthan0.5 pixel.
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Figure 3. The two r st graphs give a comparison between the new method followed by a bundle

adjustement on motion parameter s.

are undistinguishab les.

The two next graphs give a comparison between the new
method followed by a bundle adjustement on motion and structure .

Note that the two r st curves

Figure 4. Three images of the target.

Figure 5. The two right angles of the recon-
structed target.

In fact, becausdhe reconstructioris Metric we expect
to seetheright anglesbetweertheplanesn thereconstruc-
tion. Figure5 shavsthetwo top views of theseangles.

House images. We have testedthe algorithm on the
houseimagesequence We took threeimagesof a house,
detectpointsof interestwith theHarrisdetectormatchthem
with cross-correlatiometweenadjacenimagesandtriplet
registration,see gure 6. We canseethatthereis a lot of
badmatches.We rst detectthe outlierswith a RANSAC
methodsoasto eliminatethem. Next, we computeamodel

Figure 7. The house with matched points.

thatminimizesthereprojectiorerrorover 100trials. For the
model,see gure 7.

5 Conclusion

We have presentedh methodfor Metric reconstruction
from calibratedafne cameras. The methodworks with
minimal data,i.e. 4 pointsin 3 images. The stuctureof
4 pointsin spaceis computedin closed-formratherthan
the motion parametersisedby otherresearchersWe also
studiedthe instability of minimal reconstruction. Experi-
mentalresultsshow thatthe methodis stable. Anotherim-
portantpoint is that the methodis fastasit needsonly to
solve a polynomialof degree2. As a comparisonpundle



Figure 6. The house with matched points.

adjustementakesat least50 timesmore,to optimize over
the motion, and 1000times moreto optimize over motion
andstructure.

References

[1] K. Astrom, A. Heyden, F. Kahl, and M. Oskarsson.
Structureand motion from lines underafne projec-
tions. In Proceedingof the 7th International Confer
enceon ComputeMsion, Kerkyra, Greece page<285—
292,Septembefl 999.

[2] D. Cox, J.Little, andD. O'Shea. Ideals, Varieties,and
Algorithms Springer 1996.

[3] PE.Gill, W. Murray, andM.H. Wright. Practical Op-
timization AcademicPress;1981.

[4] C.J.PoelmarandT. Kanade.A paraperspeacte factor
izationmethodfor shapeandmotionrecovery. In J.O.
Eklundh,editor, Proceeding®f the 3rd EuropeanCon-
ferenceon Computenision, Stockholm,Swedenpages
97-108.SpringerVerlag,May 1994.

[5] L. Quan.Self-calibratiorof anaf ne camerdrom mul-
tiple views. InternationalJournal of ComputefVision,
19(1):93-105May 1996.

[6] L.S.Shapiro,A. ZissermanandM. Brady. 3D motion
recovery via afne epipolargeometry International
Journal of Computenision, 16(2):147-1821995.

[7] C. Tomasiand T. Kanade. Shapeand motion from
image streamsunder orthography: A factorization
method. International Journal of ComputerVision,
9(2):137-154Novemberl992.

[8] S.Ullman. Thelnterpretationof Visual Motion. The
MIT PressCambridgeMA, USA, 1979.



